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Abstract 

We find the GKO coset construction of tlie dimension 4 Casimir operator that contains 
the quartic WZW currents contracted with completely symmetric SU{N) invariant tensors of 
ranks 4, 3, and 2. The requirements, that the operator product expansion with the diagonal 
current is regular and it should be primary under the coset Virasoro generator of dimension 2, 
fix all the coefficients in spin-4 current, up to two unknown coefficients. The operator product 
expansion of coset primary spin-3 field with itself fixes them completely. We compute the 
three-point functions with scalars for all values of the 't Hooft coupling in the large limit. 
At fixed 't Hooft coupling, these three-point functions are dual to that found by Chang and 
Yin recently in the undeformed AdS^, bulk theory (higher spin gravity with matter). 



1 Introduction 



It was conjectured in pQ that the large hmit of the (WZW coset) minimal model 
[21 m m [5] is dual to a particular AdSs higher spin theory of Vasiliev [6l [U [8]. The bulk 
theory has an infinite tower of massless fields with spins s = 2, 3, ■ ■ ■ coupled to two complex 
scalars. The higher spin Lie algebra, where a free parameter A is present, describes interactions 
between the higher spin fields and the scalars. The scalars have equal mass determined by 
the algebra, = —(1 — A^). They are quantized with opposite boundary conditions and 
their conformal dimensions are /i+ = |(1 + A) and h_ = |(1 — A). The boundary theory is 
an Ai\i_i (WZW coset) minimal model which has a higher spin Wjsi symmetry generated by 
currents of spins 2, 3, ■ ■ ■ , [I9J. See also [10] for a detailed description of VFAr-symmetry in 
conformal field theory. The theory is labeled by two positive integers and k where k is 
the level of the WZW current algebra. The above bulk mass parameter is identified with the 
boundary 't Hooft coupling A = which is fixed in the large limit. 

Recently, in [11], the partition function of the minimal model was obtained. Due 
to the fact that certain states become null and decouple from correlation functions (and 
therefore have to be removed from the spectrum), the careful limiting procedure shows that 
the resulting states that survive exactly match the gravity prediction for all values of the 't 
Hooft coupling. In this computation, they have considered the 'strict' infinite A^ limit where 
the sum of the number of boxes and antiboxes in the Young tableau has maximum value in the 
conformal field theory partition function. Furthermore, the zero mode eigenvalues (extension 
of the conformal dimensions) of the primary generators for spins s = 2,3,4 are computed 
by using the classical Miura transformation (nonprimary basis) and transforming to primary 
basis, based on the work of [12]. Similarly, the eigenvalues in bulk higher spin algebra by 
using the Drinfeld-Sokolov reduction [T3| are also computed with an appropriate limit. The 
degenerate representations of the two algebras match. 

In [H], the three point functions with scalars at tree level in the undeformed bulk theory 
(with an appropriate normalization) are computed and then this result is compared to the 
three-point functions in the minimal model, in the large A^ limit, at 't Hooft coupling 
A = |. In particular, they have checked for spin-3 current and made predictions for the three- 
point functions of spin s > 4, at fixed 't Hooft coupling A = |, in the coset conformal 
field theory. 

In this paper, we would like to compute the three-point functions for spin-4 current in the 
Wn minimal model, in the large A^ limit, for all values of 't Hooft coupling. So, at first, one 
need to find spin-4 (or dimension-4) Casimir operator in the Wn minimal model. So far, there 
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are no known coset generators of spin greater than 3, although some partial attempts to this 
direction can be seen from the work of [151 [IH] • The main obstacles to construct the coset 
generators of spin greater than 3 are that it is not straightforward to find the right candidate 
for the coset generator. For spin-3 generator, there are only four independent terms that can 
be written in terms of two kinds of WZW currents and then they are cubic in these currents. 
As a spin s increases, the possible terms are increased very fast. Once a candidate for the 
higher spin generator is constructed, then one should discover all the coefficient functions, by 
using both 

1) the operator product expansion of diagonal spin-1 current and higher spin generator 
should not contain any singular terms and 

2) the higher spin generator should transform as a primary field of dimension-4 under the 
coset spin-2 Virasoro generator. 

For the spin-3 case described in [5l [16] , the only overall coefficient is not determined from 
the above two requirements. For the spin-4 case in this paper, in general, there exist two 
unknown coefficients which depend on the levels and A^. From the higher spin representa- 
tions, one can find a linear equation between these two coefficients. Moreover, the operator 
product expansion of spin-3 with itself restricts to these two coefficients. It turns out that all 
the coefficients are fixed completely and we are left with the spin-4 coset Casimir operator 
described in [5] (its explicit expression is not known so far and we present them for the first 
time in this paper). 

Although there is a mathematica package for the operator product expansion by Thiele- 
mans [17] some time ago, one should perform all the computations by hand because one is 
interested in the case where the A^ is arbitrary. Of course, for example, one can compute the 
operator product expansion for A^ = 4 with SU (4) group using his package and check whether 
the calculations by hand are correct or not. For all the computations on the operator product 
expansions in this paper, his package for A^ = 4 has been used, as a consistency check 0. 

In section 2, after reviewing the basic contents on the two dimensional conformal field 
theory in the context of WZW model, we construct spin-4 Casimir operator using a completely 
symmetric traceless tensor d symbol of rank 4. A generalization of [U [5] to higher spin-4 
current is described. 

In section 3, after reviewing the Goddard, Kent and Olive (GKO) construction [2l|3], we 
find coset spin-4 Casimir operator. There are twenty three independent terms. Along the line 
of [IE], we describe the large limit of this coset spin-4 Casimir operator. We compute the 

^Of course, the computations for = 3 are simpler than those for = 4, but the former does not tell us 
any nontrivial checks for the quartic Casimir operator because the d symbol of rank 4 is zero identically. For 
the computations that do not involve this d symbol, it is O.K. to take = 3 for consistency check. 
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three-point functions with scalars and compare to the recent findings by Chang and Yin [13] . 

In section 4, we summarize what we have found in this paper and describe the relevant 
future works. 

In the Appendices, we present all the details that are necessary to the sections 2, and 3. 

There exist some relevant papers [18]-[38] which are related to the work of [1] and see also 
[39] where the quantum Miura transformation is introduced and the spins-3 and 4 primary 
fields are constructed from free massless scalar fields. Of course, these fields are quantum 
version of [12l[TT], but it is not clear, at the moment, how the eigenvalues of a Casimir operator 
of order 4 have two arbitrary constants. It would be interesting to analyze the eigenvalues of 
the primary fields and to find the precise relations with the work of [11] further. 

2 The fourth-order Casimir operator of SU{N) 
2.1 Review 

The conformal field J{z) takes values in the Lie algebra SU{N) and its components J°'{z){a = 
1, 2, ■ ■ ■ , A^^ — 1) with respect to an antihermitian basis where Tr(r'^r*) = — (5*^^ satisfy the 
operator product expansion defined as [TD] 

r{z)j\w) = - ^ + -^r'^r{w) + ■■■, (2.1) 
[z — wy (2 — w) 

where the positive integer k is the level and /"^^ are the structure constants of SU{N). The 
dots stand for the regular terms in the limit z w. 

The Sugawara stress energy tensor corresponding to the second order Casimir operator, 
in terms of currents J"'{z), is given by 



where the normal ordered field product denoted by brackets [TOj is assumed. By using the 
operator product expansion fl2.ip . one can compute the operator product expansion between 
T{z) and T{w) and it turns out the well-known result § 

nz)Tiw) = + -^-—,2T{w) + ^^dT{w) + ■■■. (2.3) 

[z — wy2 [z — wj'^ [z — w) 



^Notice that the singular term in (|2.3I) comes from the series expansions of -(j^^ and f^^^^yi with 

respect to x around w where x is an intermediate contour integral variable [4^ . This operator product expansion 
(|2.3p can be written in terms of a commutator relation for the modes Lm where T{z) = X)mGZ z""^ follows: 
[L™, L„] = 1^^^"+^ §c 4k^""^^T{z)T{w) = (to - n)L„,+n + ^mim" - l)<5,„+„,o M- 
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The central charge c is read off and it is found to be 

k 



Furthermore, the current J°'{z) is primary field of dimension 1 with respect to (12. 2 p as 
follows: 

T{z)r{w) = . ^ . J"H + -^-d,r{w) + ■■■. (2.5) 
[z — wy [z — w) 

The standard way to obtain this operator product expansion (12. 5 p is to compute the operator 
product expansion between J"'{z) and T{w) first. Then one reverses the arguments z and w 
and uses the series expansion around w. Note J"-{z)T{w) = ^.^J^^ .P{w) + ■ ■ ■. The stress 
energy tensor (12. 2p has dimension 2. 

The third-order Casimir operator for SU{N) is defined as [1] 

Q{z) = d'''''{r{j'r)){z), (2.6) 

where d"''"^ are the ci-symbols of SU{N) and they are completely symmetric traceless SU{N)- 
invariant tensor of rank 3 This is unique choice for the dimension 3 operator because the 
other choice d°''"^{{J"'J^)J'^){z) reduces to the one (12. 6p above by using the property (1A.3P in 
this paper and the relation (A. 15) of [4j. 

Let us introduce the dimension 2 operator 

g"(z) = c/"^V^J"(2). (2.7) 

For the computation of the operator product expansion Q{z)Q{w), it is convenient to use this 
dimension 2 operator as well. The dimension 2 operator f"-^'^J^J'^{z) is nothing but NdJ"" 
which can be obtained by using the identities ( 1A.2P of this paper and (A. 10) of [4j. Then it 
is straightforward to compute the following operator product expansions from the relations 
dM]) and (122D [1] 

r{z)Q\w) = - ^ (2fc + iV)rf"^V» + -^r^-Q» + ■ ■ ■ , (2.8) 

[z — wy [z — w) 

r{z)Q{w) = - . ^ ^M k + N)Q\w) + ■ ■ ■ . (2.9) 

{z — wy 

We have used the properties ( 1A.6P and ( lA.lOp in order to obtain the operator product expan- 
sion (12. Sp and similarly, the relations ( 1A.2P and (1A.3P are used for the operator product expan- 
sion (12.91) . One can compute the commutator, [Jq,Q^{w)] = §^ ^J°'{z)Q^{w) = f^'^Q'^iw), 



^ From now on, we denote this normal ordered product without any brackets, for simphcity. That is, 
( J"( j'' J^))(z) = J"'J^J'^{z). We follow the convention for the fully normal ordered product given in [3]. 
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where Jq is a Fourier component Jq = / 2^'J°'{z) ^-^id the operator product expansion (12.81) is 
used. This imphes that the field Q"'{z) transforms under the adjoint representation of the hori- 
zontal finite dimensional Lie algebra SU{N). Similarly, from the commutator, [Jq , Q{w)] = 0, 
in which we used the fact that there is no ^^^^^ term in the operator product expansion fl2.9p . 
the field Q{z) transforms under the singlet of the horizontal finite Lie algebra SU{N) 0. 

Furthermore, the fields Q"'{z) and Q{z) are primary fields of dimension 2 and 3, with 
respect to the stress energy tensor (12. 2p . respectively 

nz)Q'^iw) = ^ 2Q"H + ^^aQ"H + ---, (2.10) 

[z — wy [z — w) 

T{z)Q{w) = -J-—3Q{w) + -^dQ{w) + ---, (2.11) 

[z — W)^ [Z — W) 

where we have used the properties ( lA.ll) and ( ]A.3I) in order to simplify the terms 
and ^^J^p in (12.101) respectively. For the computation of the operator product expansion 
(12. lip , we have used the fact that there is no singular term in the operator product expansion 
J"'{z)Q°'{w) from the relation (12. 8p and this is the reason why there are no higher order 
singular terms in the equation (12. lip . 

The singlet algebra (or Casimir algebra) of primary fields of dimension 3, Q{z), and 
dimension 2, T{z), together with the operator product expansions (12. 3p and (12. lip , can be 
obtained by computing the operator product expansion Q{z)Q{w) explicitly [1]. In general, 
the new primary field of dimension 4 arises in this operator product expansion. However, for 
N = 3, k = 1, the new spin 4 primary field vanishes identically. 

2.2 Fourth order Casimir 

How one can determine the fourth-order Casimir of SU{N) with > 3? The completely 
symmetric traceless d symbols are introduced by Schoutens in |10] (See also [H]) as follows: 

^abcd ^ ffhe^ecd ^ ^ace^ebd ^ ^ade ^ebc _ 4(iV^ - 4) / ^ ^^^^^^ ^ s ^ ^212) 

N[N^ + 1) 

The A-dependent coefficient above can be fixed by requiring that this d tensor of rank 4 
should be traceless. When the indices a, b are equal, b = a, the first term of (12.120 vanishes 
due to the property flA.ip . the second and third terms of (12.120 contribute to -^{N"^ — 4) via 
the identity (IA.4p . the fourth term contains (A^ — 1) and the fifth and sixth terms of (12.120 



Also the stress energy tensor T{z) is a singlet under the horizontal (finite-diniensional) subalgebra SU{N) 
of SU{N) because the operator product expansion between J°-{z) and T{w) does not contain (J^jtj term as 
before and the commutator [Jq,T{w)] vanishes. 
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contribute to 1. Therefore, the requirement d"'"- = imphes that the N dependent coefficient 
should be — ^^2~^i-^ ■ The symmetric property between the indices of d"'^'^'^ can be seen from 
the relation fl2.12p by using the symmetry in the symmetric tensors (i"^^ and 5°''^. The higher 
order d tensors of rank greater than 4 are also introduced in |42j 

There were some attempts, by Watts in [15] and by Bouwknegt and Schoutens in the 
preprint version of [T0|, to the generalization for the coset spin-3 generator. It originates 
from the equation (2.12) of psj, but this identity is not valid. For the spin-3 generator, the 
A^-dependence of ^^J^^ term in the operator product expansion (12. 8p was obtained by using 
the relation flA.6l) . The contraction with one d symbol and two / symbols leads to other d 
symbol, but this is not true for higher d symbol. For example, the triple product d"'^^'^ f^^"" f^^^ 
does not produce the d^^'^'^ tensor of rank 4 exactly, but there exist some extra structures. 
This can be checked explicitly by taking the 4-th order d symbol in (I2.12p with two / symbols. 
So far, there are no known coset generators of spin greater than 3. 

It is convenient to introduce the following dimension 1,2,3 and 4 operators, as in spin-3 
generator, along the line of [TU] : 

T!^b!\^) = d'^'^^'Az), (2.13) 
T^f^'^\z) = d^^'"^rj\z), (2.14) 

rf'i)(2) = d''''"^frj\z), (2.15) 
r(^'°)(z) = d^^'"^rj^rj\z). (2.16) 

Here d symbol is given by (I2.12p . It turns out that they are primary fields of dimension 1, 2, 3 
and 4 with respect to the stress energy tensor (12.21) : 

nz)Tilf\w) = T-^,T!^b!\^) + T-^.dT^b? + ■ ■ ■ . (2.17) 

nz)T^r\w) = (j^2rif)(«;) + ^-^arif)(T.) + ..., (2.18) 

T{z)T^'''\w) = 7-^3Tfi)(t.) + -^arf'^)(^) + ---, (2.19) 

Tiz)T^^'^\w) = —^4T(^'°)(«;) + -^^ar(^'°) («') + ■••• (2.20) 

[z — wY [z — w) 



^ Let us comment on the notations for the d symbol and / symbol we are using in the paper. We follow 
the convention of [3]. There are some differences between the notations in [H [S] and [TU]. For example, the 
minus sign in the third equation of (7.23) of [lOj and some minus signs in the equation (7.22) of [lOj. The 
normalization of y/2 between [42] and [H [5] appears. We insert the Jacobi identity which was missed in [4] [5] 
into the identity ()A.11|) of the Appendix A. We have checked that for iV = 3, the quantity on the right hand 
side of ()2.12|) is zero identically, by using the explicit / tensor and d tensor elements with a factor of in 
|42) . For the nontrivial d tensor of rank 4, the N should be greater than 3. 



6 



It is easy to see the operator product expansion (12.171) by using the defining equation (12. 5p . 
The higher order singular terms in the operator product expansion (I2.18P vanish due to the 
fact that the products of d"'^'^'^ and 5'^'^ or f'^'^'^ contribute to zero. Also the higher order singular 
terms in the operator product expansion (I2.19P do not occur because the operator product 
expansion of J'^{z)T^l''^\w) does not contain any singular terms (note that the d"'^'^'^ symbol is 
symmetric and traceless). Similarly, there are no higher order singular terms in the operator 
product expansion (I2.20p because the operator product expansion between J°-{z) and Tl;^'^\w) 
does not produce any singular terms. 

Now it is ready to compute the operator product expansions of J"'{z) and four primary 
fields fl213|) . (Em]), (I215|) and fl216|) . as we did in the subsection O Let us present them 
here as follows: 



1 



r(z)z 



(2,2), 



{z — wY 

1 



kd' 



•abed 



+ 



1 



be 



W] 



+ 



(3,1), 



W] 



r{z)T^^ 



0), 



w] 



+ 
+ 

+ 
+ 
+ 





— wY 




1 r 




— w) L 




1 




— w)'^ 






1 r 




— w) L 




1 








1 




— wY 


j^acf ^bcde J 




1 



[z-w, 

-2kd''^'"^J'^{w) + f^dfj^feg^bcdejg^ 



W 



jacf^bcde jgeh jfdg jh 



{z — wY 



+ ■■•, 

?>kd''^^'^.rj'^{w) 



(2.21) 



(2.22) 



[w] 



pdf^bcdejcjfje^^^ + f^'fd^"^^rj'^J^{ 



W 



(2.23) 

■abf jfci^bcde jgeh p^g jh^^-^ 

jabf^bcde^jhdgjfchjgje^^^ _^ fhegffchjdjg^^^ ^ fhegffdhjcjg^^^^ 
neh r fdn jb jh i 



{z — wY 



-Akd''^'"^J^rj\w) + f^bf ffcg^bcdejgjdje 



W 



^ jabf jfdg^bcdejcjgje^^-^ ^ jabf j feg ^bcde jc jd jg ^^-^ ^ jacf jfdg ^bcde jb jg je 
+ f^^3d^'"^^J^J^J'^{w) + f^^3d^'"^^J^rj<^{w) \ + ■ ■ ■ . 



W] 



(2.24) 



It is easy to see the operator product expansion (I2.2ip from the defining equation (12. ip . There 
term in the operator product expansion (12.220 because the product of d^^''"'^ and 



IS no 



jade vanishes. 

In the operator product expansion (12.230 . the result of the operator product expansion 
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fl2.22p is used and the /c-dependent term in the singular term of vanishes due to the fact 

that the product of d^'"^'^ and f"''^^ becomes zero. One need to simphfy the singular term of 
^^J^p further in the operator product expansion (12.231) . In order to simplify this, one should 
use the d symbol in f l2.12p . By plugging the first term of f l2.12p into the above singular term, 
fdff term, one realizes that dff term can be reexpressed in terms of a single d term via the 
identity flA.6p . Then this reduces to the product of ddf and this leads to a single / term from 
the relation ( ]A.7p . Finally, one obtains —Nd^^"" coming from the first term of f l2.12p |^. Now 
let us consider the second term in ( I2.12p . In the above singular term, this provides ddf f term 
which can be further reduced to the relation flA.14p . With the remaining / in term, it 

leads to a single / term and ddf terms. These ddf terms can be simplified further by using the 
relation ( ]A.7p . It turns out that the final expression coming from the second term of fl2.12p 
is equal to zero. For the third term of f l2.12p . the singular term can be written similarly. It 
gives — (A^^ — A)f'^^^. Finally, the 6 terms in f l2.12p can be reduced to /// terms and these 
can be written in terms of a single / terms by the identity ( lA.Sp . 

By collecting all the contributions we have obtained so far, the term in the operator 

product expansion (12.230 can be summarized by — (jv^+T) f"''"^J'^{w). The other lower 
singular terms are simplified further and the details for these computations are presented in 
the Appendix B. The complete operator product expansion (12.231) is presented in ( IB.lOp . 

Moreover, in the operator product expansion (I2.24p . the result of the operator product 
expansion (I2.23P is also used in the ^^^-^^4 and ^^j'^-^g terms. Let us consider the highest 
singular term, ^^^-^^4 term. By substituting the d symbol (12.120 into there, one has ffddff 
terms. One uses the identity ( 1A.6P and obtains 2N{N'^ — 4)6"'^ coming from the first term 
of (I2.12p . The second term of (I2.12p with other four / symbols can be simplified via the 
identity f lA.14p with the relation f lA.7p . It turns out that there is no contribution. The 
third term of (I2.12p gives a nonzero contribution. We again use the identity (1A.14P with 
flA.7p and (IA.2P and the final expression is 2A(A^ — 4)6""^. The remaining terms of (I2.12p 
contribute to —^^^r^;^ where the identities (1A.2P and (lA.SP are used. Then, one obtains 



4Af(Af^-4)(Ar^-9) 



J°'(w) in 7 v4 term. 



Let us consider the next higher order singular term, J^^g . The first term of d symbol in 
(I2.12P contributes to (A^ _ 4)yeag ^j^g identities (1A.6P and f lA.7p . There is no contribution 
from the second term of d symbol where the identities f lA.14p and flA.7p are used. The third 
term of ( l212ll gives (A^ - 4)/'*9'= via the relations ( lAlip and ( lATl) . The delta terms of d 
symbol can be simplified, through the identities (lA.SP and ( IA.2p . as bN f""^^ with prefactor 
— ^^2^1^ ■ By summing over all the contributions, one obtains ^^''^(jya+i^ ~^^ c)J"(w) in 



Here we have ignored the index structures of d and / symbols for simphcity. 
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The next term can be arranged as the sum of fdff term above and fdfff term by moving 
the current to the left. This last term can be further simplified as _ ^^(^^^^'^^CJ dJ°'{w). 
The J'^J^ term is the same as the J'^J^ term above by interchanging between the indices c 
and d that are dummy indices. The J^J'^ term in can be written as the sum of above 



first contribution and — ^^^^(jy^+i)^ — —dJ"'{w) term. 

Therefore, one has the final term as _ ^^(^^^^"^^C^ ~^^ c)J°(w) in the -jjZw)^- '^^^ other terms 
in lower singular terms are simplified further and the details for these computations are also 
presented in the Appendix B. The full operator product expansion f l2.24p is presented in 
fIB.lSp . There are no jjz:^ terms in the operator product expansion (I2.24p for = 4. We 
expect this is also true for any > 5. The singlet field T'^^'^\z) has a vanishing commutator 
[Jq ,T'^^''^\w)] = under SU{N) because there is no -jjZwj term in the operator product 
expansion (12.241) . 

The higher order singular terms, (^^^^^4 term and ^^J-^^g term, in the operator product 
expansions fl2.23p and fl2.24p allow us to consider the extra terms for the coset spin 4 current 
in the coset construction which will be discussed in next section. We also present the operator 
product expansions between J"(z) and other spin 4 fields in the Appendix C. 

We have seen that the field r(^'°) is primary field of dimension 4 from the operator product 
expansion fl2.20p . However, for general spin 4 field, the condition for primary field under the 
stress energy tensor (12. 2 p is not straightforward. Sometimes the higher order singular terms 
arise in the operator product expansion with the stress energy tensor T{z). For example, one 
can think of spin 4 field Q°'Q"'{z) which is quadratic in dimension 2 field Q"'{z) (12. 7p . In order 
to compute the operator product expansion T{z)Q^Q^{w) explicitly, one should obtain the 
operator product expansion Q"'{z)Q"'{w) and more generally, one has the following operator 
product expansion with different indices: 

[z — N [z — w)-^ N 

abc/^c/„,,\ I AT i m^\^o-cejbde jc jd/ 



[z — wV 



Nd^^^Q'iw) + 2{N + 2k)d^''^d'"''rr{w 



+ 



\-{N + 2k)d^'''d^^^drj\w) + r^'d^'^Q^j'^iw) + r^^d^^^rq^w) 

[z — w) L 

(A^ + 2k)d'''^d^'^'J'^dr{w) \ +■■■. (2.25) 



Here one uses the identity (^.8) of [1] with the operator product expansion (12. 8 p and obtains 
the operator product expansion Q"'{z)J^{w). In order to have the complete expression for the 
higher order singular terms, one uses the relations f lA.4p and (lA.7p . 



It is ready to write down the operator product expansion T{z) with Q^Q°'{w) and it turns 
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out to be 



T{z)Q''Q''{w) 



+ 



1 12k 

(z - wylv' 

1 32 

{z-w)^l^^' 
1 12, 



4){N + 2k){N + k)T{w) 



4){N + 2k){N + k)dT{w) 



4)(A^2 - 1)(A^ + 2A;) 



+ 



{z-wY N 



+ 




1 



a(Q"Q")H + ---. 



(2.26) 



The higher order singular terms in the operator product expansion (I2.26P are determined by 
the operator product expansion fl2.25p and the identity (IA.4p . These higher order terms will 
play an important role in next section. We should find the correct candidate for the coset 
spin 4 field which transforms as a primary field of dimension 4 under the coset Virasoro field. 
In other words, the higher order singular terms with n > 2 in the operator product 

expansion between the coset Virasoro field and the coset spin 4 field should vanish. We also 
present the operator product expansions between T{z) and the other spin 4 fields in the 
Appendix C. 

The singlet algebra (or Casimir algebra) of primary fields T^^'°\z),Qiz), and T{z), can 
be obtained, in principle, by computing the operator product expansions Q{z)T^^'^\w) and 
T^'^''^\z)T^^'^\w) explicitly. In general, we expect that the new primary fields will arise in 
these operator product expansions. For particular values of A^, k, these new primary fields 
will vanish and the algebra reduces to [SI US], along the line of [1]. Of course, it would be 
interesting to perform all the operator product expansions to see how the algebra is different 
from the algebra in [111115], but we are interested in a minimal model conformal field theory. 
In next section, we want to construct a new primary field of dimension 4, based on the 
operator product expansions we have described in this section. 

Therefore, we have seen the fourth-order Casimir operator d"'^'^'^ J"" J'^ J'^{z) which will 
play an important role in next section. 

3 The GKO coset construction 
3.1 Review 

Let us consider the diagonal coset WZW model given by 



SU{N)k ® SU{N)i 
^(iV)fc+i 



(3.1) 
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Denoting the spin 1 current fields as K°'{z) and J" (2) of level k and 1 respectively and the 
spin 1 current field as J'°'{z) of level k + 1, the operator product expansion between J°'{z) and 
J\w) is 

r{z)j\w) = - ^ k,5''' + ^-r'^r{w) + • • • , (3.2) 

{z — wy {z — w) 

where the level is characterized by ki{= 1) and the other operator product expansion between 
and K\w) is 

K-{z)K\w) = - . ^ .^ M'^" + -^-r^-K\w) + ■ ■ ■ , (3.3) 

(2; — wy [z — w) 

where the level is given by k2{= k). We follow the convention of [16]. These two currents 
are independent in the sense that the operator product expansion J°'{z)K^{w) = 0. That is, 
there are no singular terms. The diagonal current is given by 

J"'{z) = riz) + K'^iz). (3.4) 

Then it is easy to check, by adding the operator product expansions (13.21) and (13.31) . that 

J'%z)J'\w) = - ^ ^ ,, k'5''^+ ^ ^ J ^^'J'\w) + ---, k' = ki + k2 = k + l. (3.5) 

[z — wy {z — w) 

The stress energy tensor for the coset model (13.11) is given by 

f{z) = T^,){z) + T(2){z)-T'{z), (3.6) 
where the stress energy tensors in terms of the spin 1 currents are as follows: 

It is easy to check that the operator product expansion between J'°'{z) and T{w) has no 
singular term because the term is given by {J"'{w) + K'^{w) — J'"'{w)) which is iden- 

tically zero from ( 13. 4p . One computes the operator product expansion T{z)T{w) that is 
equivalent to the operator product expansion T(2;)(T(i) + T(2))(w) because there is no sin- 
gular term in the operator product expansion between T{z) and T'{w), by construction. 
Then by substituting (13. 6p into the operator product expansion T{z){T(^i) + T(^2)){u)), one has 
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T(i)(2;)T(i)(u;) + T(2)(2;)T(2)(w) — T'{z)T'{w). Here we used the fact that the operator product 
expansion of T'{z){T(^i) + T(2))(to) can be rewritten as T\z){T{w) + T'{w)) and this becomes 
T'{z)r{w). 

Therefore, one obtains 

f{z)f{w) = T^^,^{z)T^^,^{w) + T^2){z)T^2){w)-T'{z)T\w), 

^ + —^2f{w) + —^df{w) + ■■■. (3.8) 



{z — wY2 {z — wy {z — w 

Finally, after reading off the ^^_^^^4 terms in fl3.8p . one has the following coset central charge 
as follows: 

h k2 fcl + /C2 \ 



C(i) + C(2) -c' = {N^ - 1) 



= (iV-1) 



1 - 



h + N k2 + N h + k2 + N^ 
N{N + 1) 



(3.9) 



(A^ + A;)(A^ + A; + 1) 

where we put ki = 1, k2 = k. 

It is known that the coset spin 3 primary field T^^\z) is found in J5\. Together with (13. Sp . 
the operator product expansion of T(z)T^^\z) satisfies the standard one for the primary 
field of dimension 3 and the operator product expansion of r(3)(z)T(3)(«;) provides the full 
structure of the operator algebra. The spin 3 field T^^^{z) consists of four terms which can 
be written as the spin 1 currents J"'{z), K^(z). The requirement that the field T^^\z) is a 
primary field of dimension 3 under the T(z) fixes T^^\z) up to a normalization factor which 
depends on N, ki and k2. 

3.2 Coset primary spin-4 current W{z) 

Along the line of coset spin 3 current [5], one can think of the following fields as a candidate 
for the coset spin 4 current 

^abcd (^c^J'^jbjcjd ^ C2rjbjcj^d ^ ^3 J^/iT'K'^ + c^J" K'^ + c^K'' K'^) , (3.10) 

where the coefficient functions Cj(i = 1, 2, ■ ■ ■ 5) depend on A^, ki and k2. We simply generalize 
the field T(^'°)(z) to have both spin 1 currents, J"(z) and K°'{z). How does one determine 
the coset spin 4 primary field? As we described in the introduction, first of all, the coset spin 
4 primary field should commmute with the diagonal current (13.41) as follows: 

J"'{z)W{w) = regular. (3.11) 



^ The stress energy tensor T(^i-^{z) has a central charge c^i) = {N^ — 1) jY^\.^ (12.41) . the stress energy tensor 
T(2)(z) has a central charge C(2) — {N^ — and the stress energy tensor T'(z) has a central charge 

' N + ki+k2 



c' - {N^ ^)w^ with m 
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Secondly, the coset spin 4 primary field should transform as dimension 4 under the stress 
energy tensor fl3.6p as follows: 

f{z)W{w) = -^—^m{w) + -^--dW{w) + ■■■. (3.12) 

[z — wy [z — w) 

One can easily see that if there exist only five candidate terms as in (13.101) . then there are 
no consistent coefficient functions satisfying the conditions (13. lip by checking the operator 
product expansions given in the Appendix (lD.ip - (]D.5p . This is one indication why the con- 
struction in p!5] where the field contents are given by (I3.10p is not correct. Therefore, one 
should consider the extra terms in order to satisfy (13. lip by requiring that they contribute 
to the vanishing of any singular terms. Since the d symbol of rank 4 is defined as (I2.12p . one 
also considers the following candidates for the coset spin 4 primary field by looking at the 
first term of (l212il 

d'^be^cde^^^jajbjcjd ^ cr^J^J^K"^ + 0^3" K" K'^ + c^rK^K'K'^ + cioK'^K''K^ir^).(3.13) 

For given the first term in (I3.13p . we simply consider the possible terms with the current 
K"'{z) as we did in (I3.10p . Then it is ready to check whether the sum of (I3.10p and (I3.13P is 
consistent with the condition (13. lip or not. It turns out that they do not satisfy the regularity 
condition (13. lip . This implies that we need to have more terms and we will have a chance to 
remove all the singular terms. The delta term in (I2.12p gives us to allow the following terms 

cii jv"// + ci2rrj^K^ + c^rrK^K^ + c^rK^K^K^ + ci^k'^k^k^kK (3.14) 

For given first term in (I3.14p , we also consider the possible terms by realizing the other current 
K^{z). Still the contractions in the indices are fixed. Moreover, one should also consider the 
following terms 

cied^rr + cnd^rK" + cisd^K^K^ + cigdrdr + C2odrdK^ + C2idK^dK'' 
+C22J^d'^K\ (3.15) 

These terms appear in the second derivative of coset stress energy tensor (13. 7p . 

By adding the terms (I3.10p . (I3.13p . (I3.14p . and (I3.15p . one writes down the following coset 
spin 4 current 

W{z) = d"^"'^ (cirj^J'^J'^ + C2rJ^rK'^ + c^rJ^K^K'^ + c^rK^K^K'^ + c^K^K^K^K'^') 

+ cied^rr + cnd^rK" + cisd^K^K" + cigdrdr + C2odrdK'' 

+ C2idK''dK'' + C22J''d'^K''. (3.16) 
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We also checked whether the other contractions with different indices provide other indepen- 
dent terms we are missing or not in the Appendix G. In particular, the equations (IG.ip . 
(lG.2p . (1G.3P and (lG.4p . It turns out that there are no other independent terms except the 
field J^J^K^'K^^z). We will discuss on the presence of this field later. The field contents in 
fl3.16p are complete except the field J°'J^K°'K''{z) in this sense. Due to the fact that there 
exists an identity 

12(N'^ — 4) 

,iN-' - m' ' %j.gr^^,) ^ (3.17) 



and the terms appearing in the coefficients Ci, Cg, Cn, Cie and Cig (and similarly the coefficients 
C5, Cio, Ci5, C18 and C21) are not independent. For example, this allows us to put Cig = = C21 
from the beginning in order to keep the quartic term on the left hand side of fl3.17p . 

Let us apply the condition (13. lip to the coset spin 4 current (I3.16p . In Appendix D, 
we present the twenty two operator product expansions flml)- flD:22l) . Next we consider the 
property of (I3.12P on the coset spin 4 current. Since we require the condition (13. lip and the 
stress energy tensor T'{z) is given by (13. 7p . one has no singular terms in the operator product 
expansion T'{z) and W{w). This implies that we introduce 

T(i)(z) + T(2)(^)=T(2;), (3.18) 

and consider the operator product expansion with W{w). We collect the operator product 
expansions in the Appendix E\ flE.2p - flE.23p . Then the twenty three linear equations from the 
vanishing of singular terms in the operator product expansions J'"'{z)W{w) are summarized 
in the equations flF.ip . ( IF.3P and f]F.4p of Appendix F. Similarly, the eight linear equations 



from the vanishing of higher order singular terms (i.e., 1^^}^^ t^^'^ with n > 2) in the 
operator product expansions T{z)W{w) are given in the equations f lF.Sp . f lF.6p and f lF.7p of 



the Appendix F. By solving these equations, the coefficients appearing in the coset spin 4 
current fl3.16p are determined except the Ci coefficient and they are in the equations fIF.SP 
and flF.QP of the Appendix F . The large limit for these coefficients is given in flF.lOp that 



will be used in next subsection. 

3.3 Coset primary spin-4 current W{z) in the large N 't Hooft 
limit 

The large 't Hooft limit [1] is defined as 

A^ 

A^, A; ^ 00, A = — — - fixed. (3.19) 

N + k ^ ' 
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Let us describe the large N 't Hooft limit for the coset spin 4 current fl3.16p with the coefficients 
(IF.SP and (IF.Op . In this limit, the term proportional to d°'''^'^K"-K'^K'^K'^{z), C5, behaves as 
and goes to zero. Similarly, the term with d"''^'^d'^^'^K"'K^K^K'^{z), Cio, behaves as also 
and vanishes. The terms with Cii,Ci2 vanish, the terms with Ci3,Ci4 have dependence and 
the term with C15 has dependence. See the relations (IF.lOp for details. Then, all of these 
vanish in the large limit. One obtains the coset spin 4 current, in the large 't Hooft 
limit, together with the unknown coefficient Ci, as follows: 



W{z) 



d 



abed 



rjKrj\z) 

20A2(A + 1) 



4A(5A + 4) 
3(A-l)(A + 2) 



rj^rK^iz) + 



2A^(5A + 7) 
(A-l)2(A + 2) 



rrK^K'^iz) 



3(A-3)(A- l)(A + 2) 

8 A TO t6 tc 



rK^K^KHz] 



•abe jede 



+ d^'^d' 



2A 



rrrj\z) 



+ 



(A-l)(A + 2) 

40A2(A + 1 



12A2(A + 3) 



(A-2)(A-l)2(A + 2) 



(A-3)(A-2)(A-l)(A + 2) 
4A(A + 1) 



(A-l)(A + 2) 



drdK^iz) + 



rK^K^K^z) 

4A(A + 1) 
3(A-l)(A + 2) 



A + 2 

rj^K'K\z 
4A 



3(A + 2; 



d'^rK^z) 



rd^K^iz) 



Ci. 



(3.20) 



At ffist sight, the last three terms become very large compared to the rest but this is not true. 
We will see that the dependence of each term behaves equally. Let us focus on the zero 
mode of spin 4 current. By realizing the equation f l3.17p . one can reexpress the zero mode as 
follows: 



(fbedjajbjejd ^ sd"''^ d^'^' jj; - 3 n"^ (Or) 0(0^)0 + 2N^ {d^r)o{r)o 

= ?>d''^''d'"^^jplJ^Q4 + N^J^J^, (3.21) 



where the Laurent mode expansion is used Ij. The contribution from JqJqJqJq is removed 
under ( 13.19^ because the behavior of this term in (I3.17P depends on A^ = x A^^. The zero 
mode of fl3.20p can be written as 



Wo 



+ 



(18 + 15A+111A^-7A3 + 7A^) , , 

3(A-3)(A-l)2(A + 2) '^o^o'^o'^o 

2A(30 - 95A + 41 A^ - 25X' + A^) ,,,, ^„ 

(A-3)(A-2)(A-l)2(A + 2) ^ •^o-^o^o^o 



3(A-l)(A + 2) 



Cl, 



(3.22) 



That is, J-iz) = E,„ez dJ''i^) - - E 



-1)-^ and d^J-{z) = ^„^^^(m + l)(m + 2)pi^. 



15 



where the singlet condition = —Jq is used. Note that, in [T], the second element of highest 



weight representations corresponds to the diagonal current J'' 



J^iz) + K'^iz) and the 



first element corresponds to the current K°'{z). We are looking for the eigenvalue equation 
of fl3.22p acting on the representation (/; 0) (g) (/; 0) where Jq + Kq = 0. The first term in 
fl3.22p is the sum of the first four terms in (13.201) with alternative signs. Similarly, the second 
term in (13.221) is the sum of the next four terms in (13.201) with alternative signs and finally, 
the third term in (I3.22p is the sum of the last three terms in (I3.20p with appropriate signs 
and multiplicities. 

One should compute the spin 4 zero mode (I3.22p on the fundamental representation. The 
product of SU{N) generators we are using in this paper has the following decompositions 
with 6, d and / symbols 



1 



ab 



1 1 

_ jabcyc _j_ _ cabcrpc 

2 2^ 



(3.23) 



From the relation (I3.23p . one obtains the quartic product with two d symbols. Among nine 
terms, the nonzero five terms (due to the traceless condition for antihermitian basis) can be 
obtained and using the property (lA.3p . one finds 

1 



-_^abe^cde^abf^cdf 



~(A'^-4)^(iV^-4)*" 



(Ar2 _4)2(Ar2 _ i)^ 



(3.24) 



where the property flA.4p is used. Since we want to obtain the eigenvalue not the trace as in 
(I3.24p . we should divide this by A^. Then, under (13.191) . one arrives at the zero mode that 
appears in the second term in (I3.22p acting on the fundamental representation. 



d'^be^cdejajbjcja^f >= N''\f > . 



(3.25) 



Similarly, the zero mode that appears in the last term in (13.220 acts on the fundamental 
representation. 



^abrY^^rparpb 



■(iv'-i)^«l/>=-iv|/> 



(3.26) 



One also has the same expressions (I3.25P and (I3.26P on the antifundamental representation. 

By using the equations (I3.2ip , (13.250 and (13.260 , one simplifies the right hand side of (13.220 
and surprisingly, it turns out that it is very simple factorized form 

(18 + 15A + 111A2-7A3 + 7A^), , 2A(30 - 95A + 41A2 - 25A3 + A^^ 

7 ^(3-1)+ ^ 



3(A-3)(A 
4A(A - 3) 



3(A-l)(A + 2) 



Cl 



1)2(A 



(A-3)(A-2)(A-l)2(A + 2) 



4(1 + A)^(3 + A) 
(3-A)(2-A)(l-A), 



Cl. 



(3.27) 
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For the primary (/; 0) (/; 0) where Jq + = 0, from the resuh of fl3.27p . one can compute 

4(1 + A)2(3 + A) 



c,\0+>, O+ = {f;0)®{f;0) (3.28) 



_(3-A)(2-A)(l-A)_ 
and for the primary (0; /) ® (0; /) where = 0, the spin 4 current acts as 

"4(1 + A)' 



(2 + A) 



ci\0_ >, 



(0;/)®(0;/), 



(3.29) 



where one uses 



1 + ^ 

^ A+2 



ATS = N3 



4(1+A) 
(2+A) 



Ci that corresponds to the equation fl3.22p by 
choosing the first and fifth terms in (13. 20 p . For the other primaries (9+ = (/; 0) ® (/; 0) 
and (9_ = (0; /) (0; /), one has similar relations. The generators in the antifundamental 
representation has an extra minus sign, compared to the generators in the fundamental rep- 
resentation, but this does not affect the relations fl3.24p and (13.260 because the number of the 
power of is even. Then we have same equations with (I3.28P and (I3.29P by replacing \0±. > 
with \0± > respectively. There are no sign changes in the eigenvalues, contrary to the spin 3 
case [ini [TT] where the number of the power of is odd. According to the normalization of 
pT] . the eigenvalues of the spin 4 zero mode acting on the above primaries appear as follows: 



> 



> 



:i + A)(2 + A)(3 + A)|0+>, 

:i- A)(2- A)(3- A)|C„ >, 0_ 



(/;0)®(/;0), 
(0;/)®(0;/). 



(3.30) 



The different normalization in [16] is used. For given relations (I3.28P and (I3.29P , it is possible 
to determine the unknown coefficient function Ci{N, k) in order to satisfy the condition (I3.30p 
as follows: 



ci(iV, A) 



(1-A)(2-A)(3-A) 



Ar.s 4(l+A) 

(2+A) 



(3.31) 



This relation ( I3.3ip is a generalization of (4.24) of [16] for the higher spin greater than 3. 
According to (I3.25p . the factor A^^ comes from the quartic Casimir for the fundamental rep- 
resentation. For the spin 4 case in our paper, the eigenvalue equation has other factor from 
(13. 29 p . In other words, the W{z) in the large A^ limit has A dependent term in cg coefficient:^^ 
from fIF.lOp . Combined with the constant piece, the overall factor depends on the 't Hooft 
coupling constant A explicitly. Therefore, we have 



Wo\0+> = (1 + A)(2 + A)(3 + A)|0+ >, 
Wo\0^> = (1-A)(2-A)(3-A)|C_ >, C_ 



(/;0)®(/;0), 
(0;/)®(0;/). 



(3.32) 
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In next subsection, we would like to look for more general coset spin 4 field which satisfies 
the above condition fl3.30p . 

Following the analysis by Chang and Yin [T3] , from the action of Wq on the primary states, 
(13.32 p . the three-point function with scalars is summarized as 

<0+0+W> = (l + A)(2 + A)(3 + A), O+ = (7;0)®(7;0), 
<0-0-W> = (1-A)(2-A)(3-A), 0_ = (0;7) ® (0;7). (3.33) 

Note that in p3j , the normalization for the spin 3 current is the same as that in [i6\ [^. As a 
spin increases, the extra A dependent factors occur in the three-point functions. 

How does one compare the three-point function (I3.33P to that from the bulk computation 
in [E]? With the normalization < J^'^\z)J^'^\w) >= 1, the three-point function at A = | is 
given by 



< C+C+JW >= N-^T(s)J^ — ^, < >= (-l)«Ar-|^ifL. (3.34) 

r(2s-l) Jt{2s) 



In our case, we did not compute the operator product expansion W{z)W{w) explicitly where 
W{z) is given by (I3.20p . We will have < W{z)W{w) >= A{N,k) + (;^ correction) by com- 
puting the highest singular terms ^^_^^^8 . Let us divide the two relations (I3.33p . Then we do 
not have to worry about the normalization for W{z). 



<0-0,W> (1-A)(2-A)(3-A) Vl-A, 



" 2 



where we put A = | at the final stage. Note that the factor (1 + A)(2 + A) in the numerator 
cancels the factor (2 — A) (3 — A) in the denominator at A = ^. On the other hand, by taking 
the ratio in (I3.34p . one obtains 

< O.O.J''' >^ (3.36) 

For s = 4, this relation (I3.36P is exactly the same as the relation f l335|) H One can continue 
to analyze for higher spin greater than 4. From < O+O+W^'^ >= (-l)'(l + A)(2 + A)(3 + 



^ In the notation of [H], the three-point function for the spin 3 current is < O+O+T^'^'' >= — (1 + A)(2 + A) 
and < O-O-f^^^ >= (1 - A)(2 - A) corresponding to the equation (5.14) of [14]. 

10 This feature occurs for s = 2, 3 case. For s = 3, the ratio = -^^^^^^^ - ( P^) U_i = 

—5 which is the same as p.36p for s — 5. Similarly, for s = 2, we have ^^^^^^^^^^ = — > (tzj) lA=i = 
3 which coincides with p.36p for s = 2. 
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A) ■ ■ ■ (s - 1 + A) and < O.O^W^'^ >= (1 - A)(2 - A)(3 - A) ■ ■ ■ (s - 1 - A), one takes the 
ratio and realizes that the factors in the numerator cancel the factors in the denominator at 
A 



1 

2' 



(-1)^(1 + A)(2 + A)(3 + A) ■ ■ ■ (s - 1 + A) 



;i-A)(2-A)(3-A) 
/s - 1 + A\ , 



1- A 



■■(.-1-A) 

(-ir(2.-i) 



(3.37) 



This relation f l3.37p is the same as the relation fl3.36p . It would be interesting to construct the 
three-point functions in the deformed AdS^ bulk theory, as mentioned in [14J, that generalize 
to the equations fl3.34p and compare to the three-point functions f l3.33p for all values of 't 



Hooft coupling constant in the Wn coset conformal field theory in the large 't Hooft limit. 

3.4 The general coset primary spin-4 current W^'^\z) and its large 
N 't Hooft limit 

More generally, one can consider the coset spin 4 field that contains the field T'^{z) given by 
(]G.6p . Or one can understand that according to the second equation of (]G.2p . if we write 
down the field d"'^'^'^J"'J^K'^K'^{z) using the identity f l2.12p . then there exists an independent 
field J"" K"" [z) appears naturally. The only new term from the relation ( ]G.6p . compared 
to the relation fl3.16p . is J°'J^K"'K^{z) and let us add this term with the coefficient function 
C23 to the previous coset spin 4 field fl3.16p : 



W^^\z) = W{z) + C2zJ''J^K''K\z) 



(3.38) 



Then one should have the above two properties (13. lip and (13.120 for the new field (I3.38p . 
That is, J"'{z)W^^\w) = re gular and W^^\z) is a primary field of dimension 4 under the 
stress energy tensor (13. 6p with (13. 7p . From the relations (IH.ip and flH.2p . one should include 
C23 dependent terms into (lF.ip - (]F.7p . It turns out that the more general spin 4 coset field is 



= d"^"'^ [cirj^rj'^ + (c2 + b2).rj^rK^ + (cg + h)rj^K^K'^ + {d + hi)rK^K''K'^ 

+ (C5 + h)K''K^K'K^] + d'^^'d'^' [(C6 + be)rjKrj'^ + [c-j + h)rj\rK'^ 

+ (C8 + h)rj^K^K'^ + (C9 + bg)rK''K''K'^ + (clo + hiQ)K''K^K^K'^' 

+ (cii + bn)rrj'J' + (ci2 + bu)rrj'K' + {c^ + b^^)rrK''K'' 

+ (ci4 + bu)rK''K'K' + (ci5 + b^5)K''K^K'K' + {c,j + bn)d^rK'' 

+ ic2o + b2o)d.rdK'' + ic22 + b22)rd^K'' + C23rj''K''K\ (3.39) 
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where the coefficients Cj are given by the equations (IF.Sp and the coefficients bi are given by 
the equations f lH.Sp . In order to see how the modification arises, we keep the old coefficient 
functions Cj and present the extra terms characterized by the coefficients 6j. The two unknown 
coefficient functions Ci and C23 cannot be fixed by the above requirements. 

In Appendix /, we have found the coset spin 4 field discussed in [5] explicitly. From the 
beginning, the coset spin 3 field, T^^\ is completely determined by the regularity condition 
fl3.1ip and the condition for the primary field corresponding to fl3.12l) except the overall factor 
which is fixed by the highest singular term, in the operator product expansion T^^'' {z)T^^\w) , 
that behaves as |c with the relation (13. 9p . By focusing on the ^^J-^^ terms in the above 
operator product expansion, one obtains a new primary coset spin 4 field explicitly (this is 
not known so far) and it is given by the equations (11.31) . (II. 4p . A{w) and d'^T{w). Alternatively, 
it is easy to see that this new primary field (z) in the Appendix / is nothing but the W^^'^ (z) 
in (I3.39P with fixed Ci and C23 that are given on (11. 9p and OI.lOp . This is summarized in the 
relation (011) . Note that the field J^J^K^K^^ z) arises in the equation (II. 3p very naturally. 
That is, it comes from the (^23 term and T'^{w) term. 

In the large limit ( 13.19p . the term proportional to d°'^^'^K°'K'^K'^K'^{z) behaves as and 
goes to zero. Similarly, the term with d°'^'^d'^'^'^K°'K'^K'^K'^[z) behaves as also and vanishes. 
The terms with 613,614 have dependence and the term with 615 has dependence. See 
the equations (1H.4P for details. Then, all of these vanish in the large limit. The large 't 
Hooft limit of ( 13.20p is generalized to the following expression, from ( 1H.4P and large N limits 
of A(z) and d'^T{z), as follows: 



5(-l + A)(H 



;-i + A)(i + >^\jaj,jcj^d^^^ _ ^S^±ArjbK^K\z) 



+ 



12(-3 + A)(2 + A) 
(-1 + A)(1 + A) 



2A(2 + A) 
rX^K^K^z) 



A) 



'abe icde 



2A(2 + A) 
5(-l + A)(l 



rrrx^z 

A) 



+ d^'^d 

(1 + A)(1 



K2 + A) 
(-1 + A)2(1 + A) 



2A) 



4(-2 + A)(2 + A) 

(-1 + A)^ 



4A2(2 + A) 



rj^K^K'^iz) 



jajbjcjd^^^ 



+ 



2(-3 + A)(-2 + A)(2 + A) 
(-1 + A) 



.rK'K"K\z) 



A 



rrrK'iz) + rrK^'K'iz) + n' 



4A2 

:-i + A)(i + A) 

4A(2 + A) 



d^rx^iz) 



-1 + A)(i + ^ tl±^m^rd^K^U) 



4A(2 + A) - '-^^ ' 12A(2 + A) " ^ " H;"'" ^^'^^^ 
One can compute the contribution from J"' K"' (z) by realizing that the trace 'Xr(r"T''T"T^) 
with (13.23P can be calculated. There is no A^^ term and the next leading term behaves as 
j^. In other words, the field J°'J^K°'K'^{z) itself does not contribute to the final answer, but 
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its presence does affect all the other coefficient functions. The terms with C23 in the relation 
fl3.40p also appear in the relation fl3.20p . Therefore, in fl3.40p . the independent terms are the 
same as the one in fl3.20p with different coefficient functions. 

By taking the same analysis in the previous subsection 13.31 (i.e., f l3.25p and f l3.26p ). the 
eigenvalue fl3.28p acting on (/; 0) ® (/; 0) is generalized to 



;i + A)2(3 + A) 



4ci 



4A2 



C23 



(1-A)(2-A)(3-A) 
Similarly, one has the following generalized expression on (0; /) ® (0; /) 



(3.4i: 



^3(1 + A) 



4ci 



4A2 



"C23 



(2 + A) 

By choosing the two undetermined coefficients ci{N, k) and C23(A^, k), 

(1-A)(2-A)(3-A) 



(3.42) 



ci(iV,A) = 0, C23(iV,A) 



4A2(2+A) 



(3.43) 



and plugging f l3.43p into f l3.4ip and f l3.42p one has the following relations. 



(1 + A)(2 + A)(3 + A)|0+ >, 
(1_A)(2-A)(3-A)|0_ >, 



(3.44) 



which are exactly the same as the equations f l3.30p . In this case, there is no d'^^'^'^J'^J^J^J'^{z) 
term because ci{N, A) = 0. The similar relations hold for \0± > as we explained before. 
More generally, as long as the following relation. 



4ci(iV, A)- 



A)^ 



4A2 



C23(iV,A) 



(1-A)(2-A)(3-A) 



(2+A) 



(3.45) 



holds, the above equation (13.44p is satisfied. The case with fl3.3ip and the case with fl3.43p 
are the particular solutions of the relation (13. 45 p . Recall that the denominator in (I3.45P is 
exactly the same as the overall factor on the right hand side of f l3.42p that comes from the 
^abe ^cde ja jb jc jd ^^-^ and Other tcrms in W{z) we have discussed before. It seems that this 
behavior can be generalized to the higher spin greater than 4 and the right hand side of (I3.42p 

A) where s is a spin. Then the right hand side of (I3.4ip 



— ■ (s) 

for Wq should behave as O 



1=1 y 



for W^'^ can be fixed automatically. 

For the field W^^\z), the only requirements we used so far are given in 1) and 2) in the 
introduction and it turns out that there are two undetermined coefficients with the constraint 
(13. 45 p . This implies that these requirements are not enough to fix them completely. Are there 
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any ways to determine these two undetermined coefficients? Recall that the field contents of 
Wn minimal model are given by the spin-2 field, the spin-3 field, the spin-4 field and so on 
0. The operator product expansion of primary spin-3 field with itself should provide further 
constraint on the above spin-4 field. 

From the result of the Appendix /, one can think of the following spin 4 primary field 

a{N,k)R^^\z), (3.46) 

where R'''^\z) is the spin-4 primary field described in |5] or in the Appendix / and a{N, k) is 
an arbitrary constant which depends on A^, k. One takes the large 't Hooft limit for (]I.9|) 
and (ll.lOp (or (11.120 ) and then using the equation fl3.40l) or the equations 03.411) and fl3.42p . 
one obtains 



5(4),.^ ^ _ 2(1 + A)(3 + A) 
^0 > - 5(2 -A) 

mO-> ^ '-^^J^\0->. (3.47) 

In this case, the eigenvalues are very symmetric in the 't Hooft coupling A. The first equation 
in (I3.47P goes to the second equation in (I3.47P by taking A — )■ — A and vice versa. Then it is 
straightforward to compute the three-point functions from the relations (13.41 p and (I3.42p or 
the equation (I3.47p . For a{N, k) = |(2 — A)(2 + A), one has the same equations as (I3.44p for 
the zero mode of (13. 46 p . One can easily see that the Ci and C23 in (II.12P multiplied by the 
a{N, k) satisfy the above relation (I3.45p . This is an expected result from the identity fll.lip . 



Note that the field R^'^^z) is obtained from the operator product expansion of two spin-3 
fields and all the coefficient functions are known. Once the highest singular term -, — in 
the operator product expansion of spin-4 field with itself, in the large A^, is computed, then 
one can normalize such that the two-point function is equal to 1 and this will fix the overall 
constant completely. 

4 Conclusions and outlook 

We have found the coset primary spin-4 field W^^\z) in (I3.39P together with the coefficient 
functions (IF.Sp . (IF.OP and (1H.3P where the two coefficient functions Ci and C23 are given by 



The vacuum character, the equation (7.18) of [10] or the equation (2.18) of [1 , is given by 
--.jv „i = 1 + q'^ + 2q^ + Aq^ + Qq^ + 12g6 + Oiq'). The 4 in front of q"" indicates that there 

are four spin-4 fields, T^{z),d-^T{z),dT'^^\z) and W'''^^{z). Among these four fields, the only primary field is 
W^^^ (z) up to normalization. We thank the referee for pointing out this observation. 
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the equations fll.9p . The large limit of f l3.39p satisfies the zero mode acting on the primary 
states (13.441) . Furthermore, the three-point functions for W^^\z) with the scalars take the 
form fl3.33p and they are dual to the three-point functions in [14j . 

• How does one perform the operator algebra consisting of spins-2, 3 and 4? Among 
the possible six operator product expansions, one of them is given by the operator product 
expansion (13. 8p . There are also two operator product expansions, fl3.12p and similar oper- 
ator product expansion for the spin 3 field T^^\z) fll.ip . The operator product expansion 
T^^^ {z)T^^\w) is known in [5j. Then there are two unknown operator product expansions 
f^^\z)W^'^\w) and W^'^\z)W'^'^\w). It would be interesting to find these and to see how 
they differ from the algebras found in [HJ |35] although this work will be tedious. Further- 
more, terms of the operator product expansion W^^\z)W^*\w) or ^^_'^^2 terms of the 
operator product expansion T^^\z)W^^'' (w) will provide the structure of spin-5 field. See also 
the works in [l6l HTJ HH] for the operator product algebra between spins-2, 4. 

• It would be interesting to find the zero modes on all other representations. The question 
is how one can write down the generators for these higher order representations? For example, 
one can act the zero mode on the representation (adj; 0) that appears in the fusion of (/; 0) 
and (/;0). In this case, the element of the generator T'^ in the adjoint representation for 
SU{N) can be written as {T'')bc = Z"^". Then the trace Tt{T''T''T''T'^) is nothing but the 
quartic in / symbols. Using the identity ( 1A.12P in the Appendix A, one can simplify ( I3.24p 
as 2A^^ in the large limit where one should use the identity flA.Sp . Similarly, the equation 
fl3.26p becomes —2N. This reflects an overall extra factor 2 in this representation. This 
implies that one has H^o^^^Kadj; 0) ® (adj; 0) >= 2(1 + A)(2 + A) (3 + A)|(adj; 0) ® (adj; 0) > 
and Wo^^^l(0;adj)(g)(0;adj) >= 2(1 - A)(2 - A)(3 - A)|(0; adj) ® (0; adj) >. These can be seen 
from the equations (13.440 and their eigenvalue equations for \0± >. Since they have same 
eigenvalues (as we mentioned before), this is compatible with the above observation 0. 

• The coset primary spin-4 field is written in terms of WZW currents with finite A^, k- 
dependent coefficient functions in the W^- minimal model. How does this behavior appear in 
the higher spin gravity with matter in AdS^ theory? 

• It would be interesting to find the supersymmetric theory of [IJ where there exist a field 
of dimension | |l9] , a field of dimension | [l9l |50] and probably a field of dimension | . The 
first one and the stress energy tensor consists of the usual = 1 super stress energy tensor, 
the second one and the dimension 3 primary field consists of A/" = 1 super field of dimension 



This feature looks similar to the eigenvalue equations of spin-3 zero mode on the higher order repre- 
sentations ^ ^(^~i) -Q) or (0; )■ Recall that in spin-3 case, the zero mode eigenvalues of these states 
(adj; 0) or (0; adj) vanish due to the fact that the d symbol of rank 3 contracted with three /'s is equal to zero 
according to the identity (IA.5|) . 
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I and the third one and the dimension 4 primary field gives another J\f = 1 super field of 
dimension |. One way to see the field contents of dimension | is to compute the operator 
product expansion of the field of dimension | and a field of dimension 3 by focusing on 
terms. 

• Can one generalize to the higher coset Casimir operator of spin greater than 4 and more 
generally of arbitrary spin A^? As we described above, we should construct the completely 
symmetric traceless d symbol of rank 5 which generalizes the d symbol f l2.12p . The possible 
terms for d symbol of rank 5 are d"'^'^^ d^'^^ or d°'^'^5'^^ [42]. 

• It would be interesting to find the coset spin-4 primary field in the other types of minimal 
models [50| [51] . In doing this, one should understand higher order invariant symmetric 
polynomials for Dn_ , Bn-i that can be written in terms of the second lowest symmetric 
invariant polynomial for Djv , B n-i [42] . It will be useful to consider the coset model for fixed 

[52] in which there is a half integer spin as well as an integer spin. 

• As described in the introduction, the eigenvalues of the zero modes of spins 2,3,4, and 
5 on the highest weight states of Fock space of SU{N) Lie algebras were constructed in [39] 
using the quantum Miura transformation with Feigin-Fuchs type of free massless scalar fields. 
It would be interesting to find any relations between the findings in [39] and the results of 
[TT] where the classical Miura transformation was used. The strategy for this classical limit 
[53] is as follows. At the classical level, any composite field term (product of n fields) on the 
right hand side of operator product expansion should have its denominator proportional to 
{n — l)-th power of c. Therefore, as we take c — )■ oo in quantized operator product expansion, 
only those terms survive and any composite fields that do not satisfy this c-dependence will 
disappear in the classical limit. 

Acknowledgments 

We would like to thank the following people for correspondence on the following topics: 
C.-M. Chang on three point function, T. Hartman on the zero modes of degenerate represen- 
tations, K. Thielemans on his mathematica package for operator product expansions, and G. 
Watts on higher spin generalization. This work was supported by the Mid-career Researcher 
Program through the National Research Foundation of Korea (NRF) grant funded by the 
Korean government (MEST) (No. 2009-0084601). CA acknowledges warm hospitality and 
partial support from the Department of Physics, Princeton University (I.R. Klebanov). 



24 



Appendix A Some properties of / and d tensors of SU {N) 

We list some properties between ci"'"^ and /"^'^ symbols as follows: 

(A.l) 
(A.2) 
(A.3) 
(A.4) 
(A.5) 
(A.6) 

(A.7) 

(A.8) 
(A.9) 
(A.IO) 
(A.ll) 



^aab 


= 0, 


j:abc j^dbc 




jabc^dbc 


= 0, 


^abc^dbc 


iV 


j!adb jbec J'^f'^ 




^o.d,b jbec J'^f'^ 


= -N(f^f, 


^adb^bec j'^f'^ 


iN' - 4) 
N ^ ' 


^adb^bec^cfa 


= 0, 


jade jebc _j_ jbde jeca _j_ jcde jeab 


jade ^ebc _j_ jbde^eca _j_ jcde^eab 


= 0, 


jabc jcde 




jhae pbf jfcg jgdh 





adxbe\ ( jbdcjcae jadcjcbe\ 



+ ^{(F^'d'^'' + (r'^'(r^^ -(T^'d!"^'), (A. 12) 

jhae J^^f y/cfl^ffrf'' jcde jabe ^cde 

jhae jebf ^fcg ^gdh _ 4(4 — ) ^^^fe^ed ^ac^bd-^ 

+ ^— ^^((/'^'"^rf'^'^'^-d^^'^fi''"'^)-— rf'^^'^d'"^^, (A.14) 

fhae^ebf jfcg^gdh ^ !1 (^^aee ^bde _ ^ade ^bee^ _ ^ ^abe ^cde ^ (^^ ^5) 

( N'^ — }2) N 

rhae Tiebf jfcg jgdh \ / eabe iicde i __^abe rede 

J ~ 2N 2 

+ ^{f^^'^d^'^ - r^^d^"^^), (A.16) 

^hae^ebf^fcg^gdh ^ 4(A^^ - 4) ^^^^^.^ ^ ^^^^^.^ _ N^ace^bde 

2 

+ 2n'^^ [d'^^^d^'^^ + d'^'^^d^^'). (A.17) 

Two and three products of these and the Jacobi identities flA.ip - flA.lOp are given in [1]. The 

last Jacobi identity which was missing in [4j is included in (lA.lip . The four products between 
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d and / symbols (IA.12p - flA.17p are given in |12] with an appropriate normalization. In this 
paper, the identities (]A.ip - (]A.7|) . (lA.lOp . (lA.lip and ( 1A.14|) are used mainly and the other 
identities can be used for higher order representations of SU{N). 



Appendix B The operator product expansions between 
the spin 1 current and primary spin 3 and 



4 currents in subsection 12.2 



Let us continue to simplify the ^^j*^^^ terms in the operator product expansion (12.231) . First 
of all, by using the d symbol f l2.12p one can write down /c-dependent term as follows: 

^'^'-^>jvvo-5£-^'^°vv'(.,). (B.i) 



N{N'^ + l) ' ' N{N^ + l) 
Now let us consider the next term. The df f terms can be simplified by the identity (lA.14p . 

We also used the identity (lA.lip for the // terms. For the next term, one writes down 

^bcde^fegj^acfjdjg^^^ = d^^'^^ f ^'^^ r {w) + d^"^" f ^'^^ 8 {w) , (B.3) 

by interchanging an index d and an index e that are dummy indices. Moreover, the second 
term can be further simplified as before and this becomes {n^+I) f^^hQjh ^ course 
the first term of the equation flB.3P is given by the relation flB.2p . Similarly, one obtains the 



final term 

t2 A\(AT2 



^bcdeffegj^adfjcjg^^^ = d'"'^' f^'^' f"'^ J' J' (w) + (jV^ +^) -f'^^'^'i'^)- (^-4) 



Therefore, by collecting the four terms characterized by f IB.ip . (IB.2p . flB.3P and (IB.4p . one 
arrives at the final simplified expression for the ^^^^^-^i terms in the operator product expansion 



J'^{z)tI^'^\w). See the operator product expansion ( IB.lOp for the complete expression we will 
present below. 
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Let us move on the j^z:^ terms. By multiplying f^^^ into the relation (IB . 1 p to the left, 
one has the following expression 

facf^bcdejfjdje^^^ = dt''^ J ^ Q\w) - ^^^^^^^^^^^^ P"^ f"^ 



8(A^2 _4) 



^^^,^^yr^/^^WJ^(«;). (B.5) 

Here we also rewrite f"''^^ term in terms of J^dJ"^ term and f"-'^^ f^^^dJ^ term. By 
moving the current to the left and interchanging between the index d and the index c that 
are dummy indices, one has 

d^cde^adfjcjfje^^^ = d^"'^' jU'^ r {w) + d^'^J^'^^r^'^dJ^r{w). (B.6) 

The first term of the equation (IB. 60 is equal to the expression fiRSll . How does one determine 
the second term above? With 4 index d symbol (12.121) . one can use the identities flA.14p and 
( ]A.6p and it leads to 

^bcdejadffcf.Qjgje^^^ = ^^j^ "^^j^ ^ JV^(^) + ^^^^^ S""' d r J' (w) 



2(N'^ ~ d] 4 4^4 — N"^) 

— '-d''^'d'"^''drj'^{w) + —d''^''d^'^^dJ^r{w) + djKP{w) (B.7) 

A/ A 



+—d'""'d^^^dj'^r(w) + ^\ r^f'^^dj'^jHw) - ^^^^^ ^X r^^f'^^drj^iw). 

One also has the following term by changing the index d and the index / that are dummy 
indices 

d^cdej^adfjcjfje^^^ = d^^^^ r J'^ r {w) = d^"^^ f""^^ J" J ^ r {w) , (B.8) 



where we changed the index d and / again and this is equal to the relation fIB.Sp . Let us 
consider the final term by moving the current to the left. 

d^cdej^aefjcjdjf^^^ = d^^^T'^^ J" jU\w) + d^^'^'f'"^^ p^U^dJ^ {w) , (B.9) 

where the first term is exactly the same as the relation (IB.SP via the relation ( IB.SP and one 
should simplify the second term. By moving the current dJ^ to the left, one gets that the 
second term is given by both the equation flB.7p and —^'^^^-^^^^y^f^'^'^d'^J'^^w). By combining 
the expressions given in (IB.Sp . flB.6p . and (1B.9|) altogether with correct multiplicities, one 
obtains the final expression which will be present in the operator product expansion (IB. 101) . 
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Then finally, one arrives at the following operator product expansion from the result in 
the previous subsection 12.21 and the results in this Appendix ^ 



1 

4 



2(iV2-4)(iV2-9)^,,,^, 



(Ar2 + 1^ 



{z — wY 
+ (-6A; 



-3A; 
6 



A(A2 + 1) 



1 



(2; — w) 



_^jace^bdejCQa _ 



N ' Ar(iV2 + l) 

, 3(A2-4)(iV2-3) 



^acejbdejcgjd _^ Qjacf^bdg^cegjfjdje 



{N^ + 1] 



2A(N^ - A) 



N{N'^ + 1 
12(iV2-4)^,, 



12 
— ( 

N 



12(A2 -4) 



^abQjcjc ^ 



6(A^' - 4) 
N 

+ :^d^bc^cdeQjdje _ ^^V^ ^ - ^ ) Q jb ja ^ }^^ace^bdegjd jc 



N{N^ + 1) 

^ace^bdegjcjd 



Ar2 



12(Ar2 - 4) 



A^(A^2 + 1) 
Let us consider the 



jabc jcde Q jd je 



d^bcdjbjcjdr^ 



{N^ + 1) 

(^^^-^2 term in fl2.24p . Let us first note 
,abc ^br^c(^.,^ 12(iV2 _ 4) ^^^^^j, ^ 



+ 



(B.IO) 



A^(A^2 ^ l^ 



2(A2 -4)(Ar2 -3) 
]V(iV2TT)" 



(Ar2-4)(Ar2-3) ,,,, 



(B.ll) 



A^(A^2 ^ 1) 

This can be seen from the relation (1B.1I) by multiplying one more current where we use 
the identity flA.7p and rearrange the currents in order to simplify. The first term of d symbol 
in (12.121) contributes to —Nd°''"^J^Q'^{w) via the relation (]A.6p . The second and third terms 
of d symbol in fl2.12p can be used by the identity (IA.14p . The J^J'^J'^{w) term in the 
terms can be summarized by 



johf jfcg^bcdejg jdje 



W 



mbc Tbr\cf„„\ 12(A^^ 4) . jb(„,,\ I 4(A^^ 4) , 



-2 - 



A^(A^2 ^ 1) 



rrriw) + 



8(A^2 _ 4) 
iV(iV2TT) 



(B.12) 



Sometimes we do not specify the argument of w for the field on the right hand side of any operator 
product expansion as in (jB.lOp for simphcity. 
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The J^-PJ^i^w) term consists of the relation (IRT2|) and -^^^^^^^^^ f^^dJ^ J%w). The 
J'^J'^J^{w) term can be written in terms of J^J^J^{w) term plus ^^^^-^^^^-^/"^^( 7^97^(11;) — 
dJ^ J'^{w)). Moreover the J^J^J^{w) term is the same as the J'^J^J^{w) term, the J^J'^J^{w) 
term becomes the J'^J'^J^{w) term and similarly, the J''J'^J^{w) term becomes the J'^J'^J^{w) 
term. One obtains six JW^r{w) terms and ^^^^2+^ /"'"^(3 J^aj'^(w) - bdJ^J''{w)) by 
combining all these terms. See the operator product expansion (IB.ISP for complete expression 
below. 

Finally, one arrives at the following operator product expansion from the result in the 
previous subsection 12.21 and the results in this Appendix as follows: 



,0), 



w 



+ 



{z - wY 

1 

{z — wY 
2{N^ - 4) 
N{N^ + 1) 
2{N^ - 4) 
iV(iV2TT) 



(N^ + 1) 



r 



{z — wY 



(N^ + 1) 



-12(A^ + A;)d"^V^g" + 



48(iV2-4)(iV + fc) . . 



(3A^(A^' - 5) + 2k{N'' - 3Yr'"'J''dr 



{N{5N'' - 21) + 4A;(A^' - ^YF^^djKr 



+ 



(B.13) 



There exist jjZw) terms in the operator product expansion ( IB.lSp . They are 



bade 



p^fjfrj<ir{w) + r^j^j^j'^r{w) + r^fj^^rj^riw) + r^^jKrj'^j^iw)] .(b.i4) 



Let us look at the first term of the relation flB.14p . This can be written, by multiplying the 
current J-^ into the relation (IB.lip with f^^^, as follows: 



f'^bf^bcdejfjcjdje^^ 

(iV2-4)(iV2-3) , , _ 2(iV2-4)(iV2- 3) ,,,, ,,,, 

+ iV(iV2 + 1) J J J ^ ^(^2 + 1) 



^^f^bc^cdejbjdQe^^^ + ^drj^j\w) 



{N^ + 1) 



(B.15) 



.f^bcjcdejbQjdjef^^y 



In order to simplify the second term of ( lB.14p . we move the current to the left and then 
the first term of ( IB. 151) occurs and the extra piece has the following form 



24(A^2 _ 4) 



2(iV2-4)(Ar2-3)^,,,, . , 4(iV2-4) 



-d'"''drQ''{w) + 



-drj\j\w 



N{N^ + 1) 
^(iV2_4)(Ar2_3) 



(iV2 + 1) 



-r'drdr{w) 



N^{N^ + 1) 



-drrriw) 



K2iV2-3) 



Ar(Ar2 + 1; 



ffbc^cdeQjdjejb^. 



(B.16) 
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In the relation fIB.ip . we have simphfied expression and we multiply dJ^ with / symbols. 
Using the identities f[0|) . ([Qj) . flA.Mp and f lA.lip we obtain the right hand side of fIB.iep . 
For the third term of (]B.14p . we move the current to the left. Then we have the 
second term of flRTip . the extra piece flRl6D and ^^^^f0^^f''^^d^J''r{w). The fourth 
term of (IB. 140 can be written as the third term of (]B.14p and the extra piece (]B.16P and 



It turns out that the final expression consists of four of ( IB.lSp . six of (1B.16P and 



So combining the relations (IB.lSp . (1B.16P and (lB.17p . it turns out to be 



(B.17) 



-2N{N^ -A)d^r{w). (B.18) 



For = 4, we have checked that the equation (IB.lSp vanishes. 

The fundamental results of this Appendix will be used in next Appendices. 



Appendix C The operator product expansions between 
the spins 1, 2 currents and various spin 4 cur- 



rents in subsection 12.2 



Using the identity (A. 15) of [1], one writes the following relation 

{rr)ij^j^)iz) = -2{k + N)d\rr{z) + rrj''j\z) 



and from the defining equation (12. 2p . one has 

1 



d'T{z) 



(k + N) 

and also the following relation holds 



drdr(z) + d'rriz 



Q^Q^iz) = (r^''(f'^^j^rj'^r{z) - —{n^ - A){2k + N)d^rr{z) 



(c.i: 



(C.2) 



(C.3) 



We present some operator product expansions between the primary spin 1 current and other 
spin 4 currents as follows: 

1 2 



r{z)Q'Q\w) 



[z-wYN 



{N' - 4)(A + 2A;)(5A + Qk)r 
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+ 
+ 



1 



[z — wY 

1 



2{N'^ -A){N + 2k)dr 



-2(iV + A;)d''^^(/Q" + gV' 



{z — w)"^ 



N 



r{z)T\w) 

r{z)d^T{w) 

r{z)d^j'j\w) 



1 



(z-w)^ 

1 



3r + 

6J" + 



r\drr - rdj' 
1 



+ 



{z — w) 

1 

{z — w)' 



- [rr + rr] + ■ ■ • , 



1 



+ 



-7 — ^^2(2iV + 3A;) J*" - - — ^-—^ 
{z-wY ^ ' {z-wf 



{z — wy 

2Ndr 



2fabcQjbjc _j^g2ja 



(C.4) 
(C.5) 
(C.6) 

(C.7) 



{z — wY 

Then one obtains the operator product expansions between J^{z) and the currents J^J^J^J'^{w), 
dJ^dJ\w) and d''^f d'^^^ J'' .P J'^ J%w) through the relations (lOil), (EH), (Ej]), and (EZ]). We 
also consider some operator product expansions between the stress energy tensor and other 
spin 4 currents as follows: 



nz)T\w) 



3k{N^ - 1) 



+ 



{z-wY N + k 
1 



+ 



{z-wY 



+ 



k 



N + k 



(iV2 _ 1) 



T 



T{z)d^T{w) 



{z — w) 

1 



-3dT + 
10k 



[z-wY N + k 



{z — w) 
{N^ - 1) + 



{z — w) 



{z - w)- 



-12T + 



iz — w] 



rlOdT 



+ 



T{z)d'rJ\w 



+ 



{z — wY 

1 

(z - wY 

1 



(2; — lo) 



(C. 



(C.9) 



Qk{N^ - 1) 



{z — w)' 



r6rr + 



{z — wY 



6drr 



Ad'^rr 



-d{d'rr) + 



. „ . . „ . , , . (C.IO) 

[z — w)^ [z — w) 

The operator product expansion T{z)Q°'Q"'{w) is given in (12.261) . The operator product 
expansions between T{z) and the currents J^J^J'^J'^{w), dJ^dJ^{w) and d^'^-I'd'^'^^ J^J'^J'^J'^{w) 
can be obtained similarly from the above relations fIC.Sp . flC.91) and fIC.lOl) . One should have 
the operator product expansions between the coset stress energy tensor (13.61) with (13. 7p and 
other currents in next Appendices. Then it is better to write down the relations (IC.Sp . (1C.9P 
and fIC.lOP in terms of the coset central charge (13. 9p . For example, the operator product 
expansion T{z)T'^{w) can be read off from the equation (IC.SP by taking the central charge c 
(12. 4p as the coset central charge c (13. 9p and the stress energy tensor T{w) as the coset stress 
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energy tensor T{w) on the right hand side of fIC.Sp . It is not right to replace k with ki + ^2 
and T{w) as T{w). That is, the ^^^-^^4 term of the operator product expansion T{z)T'^{w) is 
(8 + c)f{w) that is not equal to [8 + ]vZrTr(^^ - 



Appendix D The operator product expansions between 
the diagonal spin 1 current and various spin 



4 currents in subsection 13.2 



We summarize the operator product expansions between the diagonal primary spin 1 current 
(13 .4^ and various spin 4 currents as follows: 



J"'{z)d'"'^^j''rj'^r{w) 



4:N{N^ -4){N^ -9) 

rJ 



{z — wY 



4iV(A^2_4)(^2_9) 



{z — w)' 



{N^ + 1) 



or 



{N^ + 1) 
1 



{z — wY 



~12{N + ki)(f^^J^Q^ 



48(iV2-4)(iV + /ci) 



Ni^N"^ + 1) 



2(Ar2 - 4) 
+ 1) 



{?>N{N'' - 5) + 2ki{N'' - ?>))r^'J^dr 



2{N^ - 4) 



(A^(5A^' - 21) + Aki{N'' - K))P^^dJ^r 



N{N^ + 1) 

j'\z)<i"'^^j^r,fK\w 



1 2(iV2-4)(iV2-9)^,,, 



{z - wf (A^2 + 1) 



+ ■ ■ 



(D.l) 



1 



{z — wY 
-6iki + 



-3ki - 



12(2iV2_3) 
N{N^ + 1) 



{N^ -A) MN^ -?,) 



+ A{N''-Q)),r^''dJ^K^ 



iV 



N 



+ 



N{N^ + 1) 
J'\z)d!""^^J^rK'^K\w 



N{N^ + 1) 
1 



+ 



{z — wy 



(4fci + 



8{2N^-3). 



(D.2) 



N{N^ + 1) 



-2{ki + 



A^2 + 1 



AT 



+ 2)r^rdK'' 



8(iv^ i^u^K-K^ + ^^^'-^^ r/c, + Au'^K^K^ 



-2(A;2 + 



iV(iV2 + 1) 



A^2 + 1 



-(- 



2)r''drK^ 
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J'\z)(i"'fd'^'fj^rj'^r{w) = 7^-^^2(Ar2 _ 4)(Ar+ 2/ci)J« 



(D.3) 

(D.4) 
(D.5) 



{z — w) 



[z - wY 
-2{N^ -4:){N + 2h)dr + 



{z — wy 



1 



N 



+ 



{z - wY 



[z — w) 



■(1 



2ki 



(D.6) 



(2 — wY 



+ {-{N + 2ki) - —{N^ - A))(r''^d!"^^r.fK^ - {N^ - i)r^^dJ^K^ - k2(f^''J^Q'' 

Ijahc^Qjhjc _ jbQJC^ 



k2{N^-4.) 



Ar2 



-{rj''K''-j''j''K'') 



{z — wY 

1 



{N + 2ki)d"-^^J^R'' + {N + 2k-2)d"-'^Q''K' 



N 

J"'{z)d^''U^'U^rK'^K'{w) = 
+ •••, 

j"'{z)d^^U'^^ffK''K^K^{w) = -7 r:r — 

(2; — Wj'^ iV 

-kid^-^^K^R" -{N + k2)d"-^''J^R'' - {N + 2k2)d'^d^'^^J^K''K'^ 
+ l(Ar2 _ 4)(Ar + 2k2)r^''J^dK 



+ 



'abc/~\b T/'C 



^ {N^ - 4) (TV + 2k2)r^''J^K'' + 



(D.7) 



(D.8) 



+ 



J"'{z)d^''^d'^'^K^K'K'^K\w) = J"'{z)d^''^d'^''^J^rj'^r{wYkr^k2,J'^^K<^, 
J"'{z)J^J^J^J^{w) = - — ^—-4N{N + ki)r - - — ^— 4iV(Ar + 



{z - wY 



[z — wY 



-A{N + ki)rj'J' - 2{N + ki)r'"'dJ'r + 2{N + ki)r^^j^dr 



(z — wY 

j'\z)j\j''rK\w 
1 



+ 



(D.9) 
(D.IO) 

(D.ll) 



[z - w)' 



r2NklK'' + 



:2{N - ki)r^^J^K'' 



[z — w) 



+ 



{z — wY 



k2rJ^J^ - k2P^dJ^r + k2r^J^dr + (-A;i + —)J^J^K'' 



- {2{N + ki) + —)rj^K^ - 2Nr^''dJ^K'' - 2d''^^d^'^^rj'^K^ + 2d'''"'Q'' K" 



+ 



(D.12) 
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J"'{z)J^J^K^K%w) 



1 



{z — wY 

1 



[N + ki)rK'K' + {N + k2)J^J^K'' 

1 



-2{N + k2)r''^J^K' + 



{z — w)'^ {z — wy 

- k2rK^K^ - 2{N + k2)J''K^K^ + 2(A^ + fca)/"^^^^^" 
J'\z)K'K'K'K\w) = J'\z)K'K'K'K\w)\k,^k,,j'^^K'^ 
J"'{z)d^J^j\w) = —. — ^--t2{2N + 3ki)r - - — ^-^2NdJ' 



+ ■■■, 

-kiK^K^K^ 



(D.13) 



(D. 



14) 
15) 



[z — w] 



1 



1 rabc jb a jc /r, , "'I \ rabccx jb jc 



{z — wY 
J'\z)d^j''K\w) 
1 



^fabcjbQjc _ ^2 + ^) f-^^drj' 



{z — w)' 



-QkiK"" - 



{z — w)^ 



{z — t;;)^ 
+ ■■■, 

jabc jb j^c 



(D.16) 



_^fabc^gjbjc ^ jb^jc^ _ 2p^^dJ^K'' 



{z — ti;)^ 

J'"(2)a2K''ir''(^) = J"^(^)aW^(^i;)U,«fe„j.«;,. 

1 



+ ■ ■ 



(D. 
(D. 



17) 



J"'{z)drdJ''{w 
1 



1 



-2Nr 



z — w) 

cibc I c^i jb JC jb ' 



[Z — W\ 



2{N + 2ki)dr 



\^z -wy 

J'a,t\ o jb ' 



fabc^Qjbjc _ jbQJC^ ^ 



(D.19) 



J'\z)drdK\w) 
+ ■•■, 



1 



{z — w)'^ 



2 [kidK" + k2dr] + 



{z — wy 



fabc^Qjb-^c _ jbQJ^C 



J'\z)dK'dK^{w) = r{z)dJ'dr{w%,^k,,j'^^K'^, 
,r{z)j'd^K\w) = J"^{z)d\j'K\w)W^u,,ja, 



(D. 
(D. 
(D. 



20) 
21) 
22) 



In the operator product expansion fID.ip . since the current K^-jz) commutes with J^(z)'s, one 



gets th,; f..o,„ the operator p.odueTTxpaus.ou mM exactly In the operator product 
expansion (ID. 21) . one uses the operator product expansion ( IB. 101) . the defining equation ( 13. Sp 
and the relation (IB. 111) . In the operator product expansion (ID. 31) . one can use the operator 
product expansion (I2.22p and its version for the K"^ current, that is, the operator product 
expansion between K'^{z) and d'""^''K'^K%w). Then one should simplify further. The following 



""^^ Sometimes it is better to describe the operator product expansions for arbitrary fci and ^2 instead of 
putting fci = 1, ^2 = fc due to the fact that by using the symmetry between these levels and the symmetry of 
the two currents J°'{z), K"'{z), some of the operator product expansions can be determined by known operator 
product expansions. For example, in (jD.4l) . we do not have to compute the operator product expansion newly. 
Once the operator product expansion J"^ {z)(f"''^'^ J'^ J'^ K'^ (w) is known, then the operator product expansion 
J'°'{z)(f"''^'^J^K''K'^K^{w) is automatically determined by taking J'^ o K'^ and ki o k2 on the above known 
operator product expansion. However, once ki — I and k2 — k are fixed from the beginning, one should 
compute the operator product expansion J'°-{z)d!"^''''^j''K'^K''-K'^{w) independently because one cannot find 
fci dependence. 
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triple product dJKK can be obtained from the relation fIB.ip by replacing the current J'^(iy)'s 
with K"'{wys and then we multiply current to the left with d symbol as follows: 



<ace jbde jb t^c j^d/ „,,\ i jahc jhT~>c/„ 



A{N^ - 4) 



(D.23) 



N^N"^ + 1) 

where we introduce the spin 2 field for the K°'{w) current corresponding to (12.71) 

R\w) = d''^'K^K\w). (D.24) 
One also has the following relation 



2{N^-A){N^-?,)..^^^^^_^ , 4(iV2-4) 



+ 



N{N^ + 1) 



-d^'^rwiw) + 



{m + 1; 



N^{N^ + 1; 

8(2A^2 _ 3) 



N^{N^ + 1) 



d'^ce^bdejb-^c-^dr^ 



N(N^^ir - • 

where the relation fIB.ip is used, the J"'s are exchanged with the current iC"'s as before, the 
current J° is multiplied and the spin 2 field ( 1D.24P is used. Then the identities (]A.6|) . (]A.14p . 
(1A.7P and (lA.lip are used. Similarly, one can write down 



d^bcdjbjcj^dr-. 



f/ys _ 4V/V2 _ 3^ 

^ade^bce jb jCT^dt„,.\ , ^abc i^b r\c / „ , .\ , V /V - f"'^'^dJ^ K'^ (w) 



2d'"^^d^^^J^J^K\w) + d^'^^K^Q^iw) + 



b jb T^a I 



(D.26) 



which can be seen from the identity (IB. II) and by multiplying two / symbols into ( ID. 261) one 
has the relation 



2(iV2 _ 4)(^2 _ 3) 4(Ar2 - 4) ,,,, 



-d''"'q'K\w 



+ 



JKj''K^(w) 



{N^ + 1) 



24(A^2 _ 4) 

[(fce^bdejcjdj^b,. 



-rrK" w) 



]{2N'^ 3) jaceibde jc jd r^b / 



N{N^ + 1) 

In the operator product expansion (ID.4p . one has the following relation 



(D.27) 



(fbcd^b^cj^dr. 



^.d'^^^K^Wiw) - 



^^{N^-^)r.ar.br.b^..,, , ^i^^ ' - ^) ,abc.r.b r.c 



N{m + 1 



-K''K'K\w) + 



(Ar2_4)(Ar2_3) , , 



(D 
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This can be seen from the relation (IB.lip by replacing the currents J'^'s with the currents 
K°-^s. In the operator product expansion (lD.6p . one can use the relations (]C.3|) . ( ]C.4p and 
(lC.7p . In the operator product expansion (lD.7p . one also need to have 



A^2 _ 4 



(D.29) 



One can check this by moving the current to the left together with the identity (IA.7p . One 
also has the following relation 

4 r 



jceg j°-9h jh jc j^e ^ 



W 



d-bcQbj^c^^^ _ 



N 



b rb T^a i 



(D.30) 



where the identities f lA.lip and (1A.7P are used. In the operator product expansion ( ID.Sp . one 
uses the defining equation fl2.9p . In the operator product expansion (ID.9p . we also used the 
following relation 

iV2 _4 



W 



d'^ce^bdejb-^cj^dr^ 



N 



r''rdK'\w). 



(D.3i: 



In the operator product expansion (ID. lip , the properties (IC.ip . (IC.SP and (1C.7P are used. 
From the relation, 

rrj\w) = -2{N + ki)j^Tf^i){w) + 2f''^drj\w)-Nd\j\w), (D.32) 

one can compute the operator product expansion flD.12p where the following operator product 
expansions are used 



pbcjc ^ 



{z — w)' 



{z — wy 



h6^%i) + J' J' 



b ja 



+ 



[z-w, 

1 



+ 



{z - wY 

1 



{z — w)' 



{z — wY 

1 



jacejbcdjejd _ f^jabcQj 



abcpi TC 



jace jbcd Q je jd jace jbcd Q jd je 



+ ■ 



(D.33) 



{z — w) 

In the operator product expansion flD.13p . the operator product expansion between J°-{z) 
and T(i)(ty) is used. In the operator product expansion (lD.14p . the first equation of (]D.33P 
(with the current K"-) can be used: that is, the operator product expansion K°-{z)K^T(^2){w). 
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In the operator product expansion flD.16p . the operator product expansion flC.7p is used. In 
the operator product expansion (]D.17p . the defining equation (12.11) is used. Moreover, in the 



operator product expansion (ID.lOp . the relations (IC.2p . (1C.6P and (1C.7P are used. In the 
operator product expansion flD.20p . the relation (12. ip is used. 

Therefore, the independent field contents from the equations (IB. lip . ( ID.23p . ( ID.25p . 



dEM}, flD^ . flDl28|) . (E29]), f lDlSOj) and fiDlST]) can be summarized by eighteen fields in 



the ^^^^^2 terms in the operator product expansions between the diagonal spin 1 current and 
spin 4 currents. See also the expression (lF.2p we will explain in next Appendix. 

Appendix E The operator product expansions between 
the stress tensor and various spin 4 currents 



in subsection 3.2 



Let us introduce the following simplified notation as in (I3.18P 

T(i)(z)+T(2)(^)=T(;.). (E.l) 

Any spin 4 field $(2) satisfies f{z)^{w) = \-j^^:^4:^{w) + jj^d^{w)-\ . For simphcity, 

we present the only higher order singular terms (^^_^^^„ with n > 2 and we assume and 
, ^ . terms as above: 

(z—w) 

f{z)(f"^^j^rj'^r{w) = + ■■■, (E.2) 

f{z)<i""^''J^rj^K\w) = + ■••, (E.3) 

f{z)(i"'^^J^J''K'^K%w) = +■■■, (E.4) 

f{z)d'"^^J^K^K'^K^{w) = + •■•, (E.5) 

f{z)d^''^''K^K^K'^K^{w) = +■■■, (E.6) 

f(z)d^^fd'^^fj''rj'^r(w) = -- — ^4(^^ - 4)(iv + 2ki)rr + ■■■, (e.7) 

[z — w)'* N 

fiz)d^^fd'^^fj^rj'^K\w) = ^ — (A^^ _ 4) ja^a 

^ 2(A2 - 4)drK'' + ■■■, (E.8) 



{z — 

f{z)d^^fd^^U^rK^K\w) = +■■■, (E.9) 

f(z)d^^fd'^^fj''K'K'^K^(w) = -- — ^-—r — (N^ -4)(N + 2k2)rK'' + ■ ■ ■ , (E.IO) 

[z — wp N 

f{z)d^'fd'^'^K^K'K^K'{w) = f{z)d^'fd'^'^J^rj'^riw)\k,^k2,J-^K^, (E.ll) 
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f{z)j^j^rj%w) = 

f{z)j^j\rK%w) -- 
+ ■■■, 

f{z)J^J^K'K\w) 
f{z)J^K^K''K\w) 



1 



{z-wY 

1 

~ {z-w f 

1 

~ {z-wY 

1 



2{N + h) + h{N^ - I) 



h{N^ + 1) J"K" 



{z — w) 



rr + ■ ■ ■ , 

2NdrK'' 



(N^ - 1) [kiK^K" + k2-rr] 



{z-wY 

f{z)K'>K'K'K\w) = f{z)fj'rr{w)\k,^k„j'^^K^ 
f{z)d\j\j\w) = -7—^—^Qh{N^ - 1) + - — ^6JV 



{z — wY 



{z — wY 



{z — wY 
f{z)d^j''K\w 



Qdrr + ■ 



{z — w) 



[z — w 



T{z)d'K'K\w) = T{z)d'J''J\wYk,^k,,j^^K^, 



f{z)dJ^dJ\w) 
f{z)dJ^dK\w) 



{z — w 

1 

iz — w 



MN^ - 1) + 



{z — wY 

-2 [rdK%w) + drK^] + 



2d{r,r) + 



f{z)dK^dK\w) = fiz)dJ'dJ\wYk,^k,,j^^K^, 
f{z)j'd^K\w) = f{z)d^j'K\wYk,, 



(E.12) 

E.13) 
E.14) 

E.15) 
E.16) 

E.17) 

E.18) 

E.19) 
E.20) 

E.21) 

E.22) 
E.23) 



According to the operator product expansions f l2.17p . fl2.18p . f l2.19p and f l2.20p and those 
where the currents J°'{z) are replaced by the currents K'^{z), one obtains the operator product 
expansions (1E.2P -( 1K6|) because the operator product expansions of the stress energy tensors 
T(i'^{z) and T(^2){z) with spin-4 currents do not have any higher order singular terms and the 
currents J^{z) and K°'{z) commute with each other. In the operator product expansion flE.7p . 
one uses the relations (1C.3P and (IC.IOP together with the operator product expansion f l2.26p . 
By writing the spin 4 current, 



(N' - 4) , 



-r 



J^drK^'iw) - dJ^rK'^iw 



(E.24) 



in order to compute the operator product expansion (lE.8p . one need to compute the following 
operator product expansions 



T^^)iz)rQ\w 



(z — w) 



^ {N + 2ki)(f^''r + ^ 



{z — wY 
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+ 



1 



T^^)iz)n^J'riw) 



+ 



T^^){z)r"^J'^riw) 



+ 



1 



z — w)2 [z — w) 

^ AN J" + ^ 



{z — w) 



-2Ndr 



z-wY 



z — wY 

1 



{z — w) 



z — wY 



2Nr + 



[z — w) 



ANdr 



^ 2 jabc jb Q jc _j_ fahc jb 



dir'^rdj") + 



(E.25) 



(E.26) 



(E.27) 



[z — wY {z — w) 

In the operator product expansion ( IE. 91) . one uses the defining equation fl2.10p . Due to the 
different index structures, one cannot obtain the operator product expansion (IkTo!) directly 
from the operator product expansion (lE.SP via symmetry argument s(/i;i -H- k2 and J"' 4-)- K"'). 
Instead, by using the relation (lE.25p . one gets the operator product expansion (lE.lOp . From 
the relations fIC.ip . fIC.Sp and f lC.lOp . it is easy to see the operator product expansion f lE.12p . 
With the relation (]D.32p and the following operator product expansions 

h{N^ - 1] 



T(i)(^)J%)(«;) 



T^,){z)d'J\w 



+ 



(z-wY 



{z — w} 



2{N+ki 
1 

{z — wY 



r 



6dJ^ + 



1 

{z — toy 
1 



{z — wY 



3d'r + 



1 

{z — w) 

1 



a(/r(i)) 

(E.28) 



{z — w) 



(E.29) 



together with the operator product expansion flE.26p . one can check the relation flE.lSp . The 
operator product expansion (]E.29P can be obtained by adding the operator product expansions 
(jE.26p and flE.27p . Of course, one also gets the operator product expansion 



T^i){z)rrj\w 



+ 



{z-wY 

1 



{z — wY 



2Ndr 



-d{rrj^) 



(E.30) 



{z — wY {z — w) 

This operator product expansion ( ]E.30p is also useful to check the operator product expan- 
sion (lE.lSp . For the operator product expansion flE.14p . one uses the defining equation (12. 3p . 
For the operator product expansion (IE. 150 . the relation (1E.28P is used. In order to compute 
the operator product expansion (lE.17p . one can use the relation (IC.lOp . The relation (IE. 290 
gives the result of flE.lSp . By using the identities flC.2p . (IC.9P and (IC.lOp . one gets the oper- 
ator product expansion (lE.20p . The remaining operator product expansions can be obtained 
similarly. 
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Appendix F The coefficient functions that satisfy the hn- 
ear equations in subsection 13.21 



By collecting the 



terms in the operator product expansions (lD.ip - (lD.22p we have eigh- 



teen equations for twenty two unknown coefficient functions. 



[-12{N + h)ci - 3k2C2 - 4:{N + k^)ce - k2C7] d'^^'^rQ' = 0, 
AS{N^ - 4){N + ki) l2k2{N^-A) ,,,,,, 

Ci+ . C2-A{N + ki)cii-k2Ci2 



N{m + 1) 



rj^j^ = 0, 



N{N'^ + 1) 
(A^' - 4)fc2 

2(A^2 _ 4) 



(3A^(A^^ - 5) + 2A;i(A^2 - 3))ci + 



A;2(A^2 -4)(Ar2 -3) (A^^ _ 4)^^ ^ 2A;i) 



k k 

C7 + 2(A^ + A;i)cii + /C2C12 - ^Ci6 - ^Ci7 - Cig 



C2 + 



fabcjbQ jc ^ 



A^ 



-C6 



(A^(5A^2 - 21) + 4A;i(A^2 _ 3^)^^ 



2k2{N^ - A){N^ - 3) 
A^(A^2 + 1) 



A^(A^2 + 1) 

(AT^ -4)(A^ + 2A:i) 
iV 

(A^2_4)^2 ... , X , / '^Ix A:2 

j;^ C7 - 2{N + fcijcii - A;2Ci2 - (2 + ^jcie - ^Ci7 + Cig 



-C2 



C6 



fabcgjbjc ^ 



12(2A^2_3) 2(A^2_4)('jy2_3n 2(A^2 _ 4^ 

3A;i - . )C2 + (-2A;2 - ^ J\ '-)c^ + (-(A^ + k,) + ^-—-^)cr 



NiN"^ + 1) ' ' A^(A^2 + 1) 

-(A^ + 2A;2)C8 + 2ci2] rf'^'"=Q''K^ = 0, 
(A,. - 4) ,3*.(A.= - 3) ^ _ _ 2(iV; 4) K^^, _ ^ ^^^^^ 



A^ 



■(- 



(A^2 + 1)^ N ^ ^ (Ar2 + 1) ^A^ 

-(A^2 _ 4)c, _ 2A^ci2 - 2ci7 + C20] r'^dJ'K' = 0, 

_ 6(iV^ -3iV2 + 6) (_8(2iV2-3) _ ^ ^ _ ^ , _ 

V A^(A^2 + x) ^2^v Ar(Ar2 + l) 2;3^v V ^ 1; 7 

-2ci2] (T^^dt'^^rj'^K^ = 0, 

12(Ar2-4), , A^2 + 3 8(A^2_4) A^2 _ 3 

^ ' {2k, + — r— )C2 + , A (2fc2 + — r^)c3 



A^(A^2 + 1) 



A^ 



A^(A^2 + 1) 



A^ 



-^(Ar2-4)c7 + (-2(Ar + A;i)-^)ci2 
12(A^2 _ 4) 



Ar(iV2 + 1) + ^^^^2 + ^(^2 + 1) (^2 + ^)C3 + ^2 + (-^1 + ^)ci2 

-2(A^ + ^2)013] J'/iT" = 0, 
2(A^2 _4)(^2 _3) 



' Ar(Ar2 + 1) 

-(A^ + k2)Cg] (T^^J^W = 0, 
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2{N^ - 4) ,^ h 



{N + 2k2){N^ -4) 



(2 + ^(iV^-3))c3 + 



+ 4(Ar2-6))c4 



N 

8{2N^ - 3) 



Cg + 2{N + k2)Cu - C20 + 2C22 



fil'/V^ _ s/V^ -I- fi"! 



^ ^-(2fci + — r^)c3 + — — f (2A;2 + )C4 - 2(A^ + A;2)ci4 



^Ar(Ar2 + 1) 



8(A^2_4) 3 12(iV2_4) Ar2_3 

[-3A;iC4 - 12{N + k2)c^ - A^iCg - 4(A^ + A;2)cio] (f^^K^R^ = 0, 
"l2A;i(iV2 -4) A8{N^ - A){N + k2) 



jb^^K^ = 0, 
rK^K^ = 0, 



-C4 + 



A^(iV2 + 1) 



-C5 - A;iCi4 - 4(A^ + A;2)ci5 



K'^K^K^ = 0, 



fc,(iV2-4)(iV2-3)^ , 2(iV2_4) ,,,,,,,,2 



iv(iV2 + 1) + ivliv^(3^(^ - ^) + ^^^^^ - 



(N^ -4:)(N + 2k2) . , X A;2 fci ' 

+ ^ ^^10 + + ^2)Cl5 - ^Ci8 - C21 - ^C22 



A^(A^2 + 1) 



iV(A^2 + 1) 



^ ^cio -2{N + A;2)ci5 - (2 + ^)ci8 + C21 - -^022 



Therefore, there exist the following independent terms 

ct^'J^Q^w), rj^j\w), r^^J^dJ^{w), r^'dJ^r{w), (T^'^Q^K^w), P^^dJ^K^w), 
(r''ct^\rj^K\w), rj''K\w), J^J^K\w), (T'^'J^'R^w), r^'J^dK'{w), 
d'"'^d^'^^J^K^K\w), J^K''K\w), rK^K\w), (T^^K^R^w), K''K^K\w), 
r^'K^dK'{w),r^^dK^K'{w). (F.2) 

The terms in the operator product expansions (ID.ip - flD.22p provide three equations for 

the coefficient functions 

AN{N^ -A){N^ -9) 



(iV2 + 1) 

-2(A^ + 2A;i)ci9 - 2A;2C2o] dr = 0, 
AN{N^ -A){N^ -9) 



ci - 2{N^ - 4)(iV + 2ki)cQ - 4N{N + ki)cu - 2Nc 



16 



(iV2 + 1) 

-2k,C2o - 2(iV + 2A;2)c2i] dK'' = 0, 

2(A^2 _4)(^2 _g) 2(A^2 _4)(;y2 _g) 



C5 - 2{N' -A){N + 2k2)cio - 4:N{N + ^2)015 - 2Nc 



18 



(iV2 + 1) 



-C2 



(iV2 + 1) 



C4 + (l-^)(iV^-4)c. 



'-{N + 2k2)cg 



41 



-2{ki - N)cu - 2{N + k2)cu - 2cu + 2C22] /"^V^K^ 



0. 



(F.3) 



The ^^_^^-^4 terms in the operator product expansions (]D.l|) - (]D.22p provide two equations for 
the coefficient functions 

4N{N^ - 4)(A^2 _g)^^ ^ ^^^^ - 4)(iV + 2ki)c6 + AN{N + ki)cu - 2{2N + 3A;i)ci6 



(iV2 + 1) 
-2A^ci9 - 6A;2C22] J" = 0, 

^^^^]~n^}^!~^^ c, + 2k,{N' - 4)C7 + 2{N^ - A){N + 2k^)c,, + 2Nhc,2 
+ AN{N + A;2)ci5 - 6A;iCi7 - 2(2iV + 8^2)018 - 2Nc2i] i^" = 0. 



(F.4) 



On the other hands, the ^^J^^ terms in the operator product expansions (IE.2p - flE.23P lead 
to the following equations: 



-2{N^ - ^y-j + 2c2o - 2A^ci2 
[6ci6 + 4ci9] = 0, 

[6ci8 + 4c2i] dK'^K'' = 0, 
[2c2o + 6C22] rOK'' = 0. 



6c 



17 



drx" = 0, 



(F.5) 



The 
tions: 



(z-wY 



terms in the operator product expansions (lE.2p - (]E.23p lead to the following equa- 



A{N'^ -4:){N + 2ki] 
N 



C6 - 2 2(A^ + ki) + ki{N^ - 1) cn - k2iN^ - l)ci3 + 6c 



16 



= 0, 



4A;i (A^2 _ 4) 2(iV2 _ 4) ( + 2A;2) 

— Cy 



+ (-2(A^ + k2) - k2{N^ - 1))C14 + 6Ci7 + 6C22 

4(Ar2 _4)(Ar + 2A;2 



Cg - k,{N^ + 1)C12 

rx" = 0, 



N 

+6ci8] = 0. 



Cio - A;i(iV^ - l)ci3 - 2(2(iV + A:2) + k2iN' - l))c,. 



(F.6) 



Finally, the 



(z—wY 



terms in the operator product expansions ( 1E.2I) -( |E.23I) provide the relation 



-6ki{N^ - l)ci6 - GhiN^ - l)ci8 - 4A;i(A^2 _ ^^^^^ _ 4^^(^2 _ ^^^^^J ^ q_ ^p ^^ 

Then it is easy to see that cie = = Ci8 from the relation (IF.SP by using the conditions 
Ci9 = = C21 which was shown in subsection 13.21 Then the equation f lF.7p is automatically 
satisfied. Now we are left with 18 equations in the relations (IF.ip . 3 equations in the relations 
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(IF.Sp . 2 equations in the relations f lF.4p . 2 equations in the relations fIF.Sp and 3 equations in 
the relations ( \F.6\i . Totally, there are 28 equations we have to solve. 

The coefficients satisfying the equations (lF.ip - (lF.7p are fixed and they can be written in 
terms of Ci 



C2 



C3 



C4 



C5 



C6 



C7 



-4N{N + ki) 



3k2{N + 2ki)D{k,,k2,N) 
72klN - 3QklklN + A^kiN"^ - lOO/t^A^^ 



+ 270fc^A;2 + ISQkikl + 255fc^A^ + 363A;iA;2A^ 
102fc2A^^ - 332A:?A:2A^^ 



2Q2kiklN^ - mN^ - 2Q6kjN^ - A78kik2N^ + h2klN^ + l2klklN^ 
106A;iA^^ + IQklN^ + Uk2N^ + Q2klk2N* + bOkik^N^ + 72N^ 



+ 35klN^ + 115kik2N^ + SkjN^ + 30kiN^ + ISfcsiV^ 
2N{N + ki){2N + 3fci)(A^2 _ 3) 



Cl, 



k2D{ki,k2,N) 



-5ki - 5k2 - ION + 2kik2N + IkiN' + T^aA^ 



+ 12A^'^ 



Cl, 



4A^(A^ + A;i)(2A^ + 3A;i 



3k2i2N + 3k2)D{k^,k2,N) 
+ 28klN'^ - 3Akik2N^ - bOk^N^ 

- 72N^ - IQklN^ - llkik2N^ + hklN^ 
ki{N + ki){2N + 3ki) 



45kik2 + 4:5kl + 30kiN + 120fc2iV + 18klk2N + 60A^^ 

4A;iA^^ - 142A;2iV^ - Gk^N^ 
2QkiN^ + l0k2N^^ 



Cl, 



I8klk2 - 3Qkikl - ISkl - 12A;^Ar - 75kik2N 



k2{N + k2){2N + 3k2)D{k^, k2, N) 
- Q3klN - 3AkiN'^ - 64A;2A^^ + Uk^N^ + AOkiklN"^ + 20klN^ - 20N^ + Ak^N^ 

+ 78kik2N^ + 70klN^ + 28kiN^ + 7Ak2N^ - Ak^klN^ ^'-^ 
+ 24A^^ + AklN^ - 3kik2N^ - 7klN^ + Gk^N^ - G/tsiV^ 
2{N^ - 9) 



2k^N' 



Cl, 



{N + 2ki){m + l)D{ki,k2,N) 



-Qk\ - I2klk2 



6kfk^ - 2AtlN - A8kfk2N 

2AkiklN - 53klN^ - A6k2N^ + Uk^N^ + lOkikjN^ - 20N^ + 22klN^ 
Qk{N^ + 46A:iA;2A^^ + Uk^N^ + 20klN^ + Gk^klN^ + AQk^N^ 



+ 2AklN^ + AAk2N^ + 36klk2N^ + WkikjN^ + 2AN^ + 31klN^ 

+ 3lkik2N^ + 14A;iA^^ + 2A;2iV^ - 77kik2N^ - 2AklN^ - bQkiN^] ci, 

k2{N + 2k^){N^ + l)D{ki,k2,N)y ' 1' ^ 
- 2QklN - 36kiN^ - A6k2N^ + Uk^N^ + lAk^k^N^ - 20N^ + 22klN^ + 46A;iA;2A^^ 

+ 20klN^ + 42A;iA^^ - 5A;^A^^ + 44A;2A^^ - l0klk2N^ - 3kiklN^ + 24A^^ - IbklN^ 



- l3kik2N^ + 2klN^ - lOkiN^ + 2A;2iV^ 



Cl, 
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C8 = 



ClO 



Cll 



Cl3 



+ 



+ 
+ 



Cl2 = 



+ 



Ci4 = 



Cl5 



4N{N^ -9){N + ki){2N + 3A:i)(iV2 - 3) 



Ak{k2N'^ + AkiklN^ 
- 12A^"1 ci, 



- \?>k\N 



k2{N + 2A:i)(iV + 2A;2)(iV2 + A:2, iV) 

2Qkik2N - 13A'|iV - 23A:i7V2 - 23A;2A^^ ' ' '-^ 
20A;iA;2A^^ + 'dklN^ + 2U-iA^^ + 2U-2iV^ 

k2{N + 2k2){2N + 3k2)iN^ + l)D{kuk2,N)y ' ^ 

59kik2N - 37klN - A2kiN^ - 52k2N^ + 10k%N^ + l2kiklN'^ - 2m^ + 2{)klN^ 

4Qkik2N^ + 22klN^ + AAkiN^ + 46A;2iV^ + 3klk2N^ + 10A;iA;^Ar^ + 
24Ar5 - 2klN^ + 13/ci/c2iV^ + - 2kiN^ + lO/caV 

2A;i(A^2 _ 9)(iv + A;i)(2A^ + 3A;i^ 



Cl, 



Qklkl - 12fciA;: 



A;2(iV + k2){N + 2A;2)(2A^ + 3A:2)(A^2 + i)i)(A:i, A:2, A^) 

- 2Aklk2N - ASkikjN - 2AklN - 2AklN^ - 77kik2N^ - BSkjN^ - 46kiN^ 

- 56k2N^ + 10klk2N^ + Ukik^N^ - 20N^ + 20klN'^ + AQkik2N^ + 22klN^ 
+ Q>klklN^ + l2k^klN^ + Q>klN^ + AAk^N^ + 46/c2^^ + 10klk2N^ + SGkik^N^ 
+ 2AklN^ + 2AN^ + 31kik2N^ + Slk^N^ + 2kiN'^ + Uk2N^] Ci, 

+ 6klN^ - 26k2N^ + Uk^N^ + Qkik^N^ - lON^ + 21klN^ + 33kik2N^ 

+ lOklN^ + 26kiN'^ + 26k2N'^ + 12N^ - Uk^N - 2QkiN^' 



6k^o 



Cl, 



16{N^ - A){N^ - 9){N + ki) 



lOkl + lAklk2 + Akikl + 19klN + 3kxk2N 



k2{N + 2A;i)(iV2 + l)D{ku k2, N) 
6kiN^ - lOkfN^ - 26k2N^ - Uklk2N^ - lON^ - 19klN^ - 3kik2N^ 



UkjN^ 



2kiN^ + 2Qk2N^ + 12N^ - IGk^N 



Cl, 



Sjki + fc2)(iV^ - 4)(A^^ - 9)(A^ + ki){2N + 3ki){N'^ - 3) 
k2{N^ + l)D{ki,k2,N) 
16{N^ - 4)(A^2 _ 9)(7V + ki){2N + Sfci) 



-Cl, 



-8kl - 13kik2 - 5kl 



18kiN - 18k2N 

Cl, 



Cl6 



k2i2N + 3k2){N^ + l)D{ki, k2, N) 
lON^ + GkfN'^ + 13kik2N^ + BkjN^ + ISk^N^ + ISkiN^ + 12N'^ 

Ak^{N^-A){N^-9){N + k,)i2N + 3k,) r _ , _ _ 

k2N{N + k2){2N + 3k2){N^ + l)D{k„ k2, N) i ^^'"^ ^^"'"^ ^^"'^ 
33kik2N - 21klN - 26kiN^ - 26k2N'^ + 6klk2N^ + Ukik^N'^ + ek^N^ 

lON^ + lOkjN^ + 33kik2N^ + 21klN^ + 26kiN^ + 26k2N* + 12N^] ci, 

0, 
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Cl7 



4(A^2 _ 4) _ 9)(Ar + ki){N^ - 3) 



6kf + I2kfk2 + 6kfk^ + 29kfN + AQk^N 



3k2iN + 2ki){m + l)D{ku k2, N) 
+ UkikjN + AQklN"^ - Qk^N^ + AAkik2N^ - 12k%N^ - 2klN^ - Gklk^N^ 

+ 20kiN^ - 29klN^ - AGk^N^ - ISkikjN^ - AGklN'^ - 44A;iA;2A^^ + 2klN^ 

- 2AkiN^^ 



Cl, 



Cl8 
Cl9 

C20 

C21 

C22 



0, 
0, 



A{ki + k2){N^ - 1)(A^^ - 4)(A^2 _ 9)(iv + ki){2N + 3A;i)(2A^ + fci + k2){N^ - 3) 

k2{N^ + l)D{ki,k2,N) '''' 

0, (F.s; 

Aiki + k2)iN^ - l)iN^ - 4)(A^2 _ 9)(Ar + ki){2N + ?>ki)i2N + ki + k2)(N^ - 3) 

Cl, 



3k2iN^ + l)D{k,,k2,N) 
where we introduce the function D(ki, k2, N) which depends on the levels ki, /c2 and lf| 

D{ki,k2,N) = -ISkf - 36klk2 - ISkikj - 63klN - 75kik2N - UkjN - 64:kiN^ 

+ 20klN^ - 3Ak2N^ + AOk^N^ + UkikjN^ - 20N^ + rOk^N^ 

+ 78kik2N^ + AkjN^ + lAkiN^ - 2klN^ + 28k2N^ - Ak^N"^ + 2AN^ 

- IklN^ -3kik2N^ + AklN'' -QkiN^ + Qk2N^. (F.9) 

Note that for = 3, the coefficients cg, • • • , C22, that have the factor (A^^ — 9), vanish. Also 
we present the large A^ limit fl3.19p for these coefficients as follows: 



C2 



C4 



C6 



C8 



ClO 



Cl3 



Cl, 



4A(4 + 5A) 
3(-l + A)(2 + A) 

20A^(1 + A) 
3(-3 + A)(-l + A)(2 + A) 
2A 

Cl, C7 

12A2(3 + A) 



C3 



2A2(7 + 5A) 
-1 + A)2(2 + A) 



Cl, 



2 + A 



Cl, 

8A 



C5 



A2(l + A) 



Ar(-3 + A)(-l + A) 



Cl, 



1 + A)(2 + A) 

cg 



Cl, 



Cl, 



(-2 + A)(-l + A)2(2 + A) 
2A2(1 + A)(6 + A 
A^(-3 + A)(-2 + A)(-l + A)(2 + A) 
8A2 



40A2(1 + A) 



A^(-l + A)(2 + A) 



Cl, 



Cl4 



-3 + A)(-2 + A)(-l + A)(2 + A) 
Cl, Cii = 0, C12 = 0, 
16A2(-5-8A + A2) 



Cl, 



Ar(-3 + A)(-l + A)2(2 + A) 



Cl, 



^^Since the 'solve' command with 28 equations simultaneously in the mathematica does not give us the final 
answer, we consider several simple equations and find the coefficient functions in terms of ci and then solve 
the remaining linear equations completely. 
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Cl5 



C20 



4A^(3 + A^) 
iV2(_3 + A)(-l + A)2 

4A^^A(1 + A) 
(-1 + A)(2 + A) 



Cl, 



Cl7 



3(2 + A) 



Cl, 



Cl, 



C22 — ^ 



4A^^A(1 + A) 
3(-l + A)(2 + A) 



Cl. 



(F.IO) 



Note that there are the ^ dependence in C5, Cio, C13, C14 and dependence in C15 and A^^ 
dependence in C17, C20, C22 LJ- Therefore, in the large hmit, the only 11 independent terms 
in fl3.20p survive. 



Appendix G The independent terms oiW{z) in subsection 



3.2 



Let us check how many independent terms in the coset spin 4 current W{z) in fl3.16p occur. 
It is convenient to write down the terms of C2 , C3 , C4 in the equation fl3.16p explicitly from the 
relation flZT^ 



jabcd TCI jb jCT^dt^\ o jabc TO./^b i^cf ^\ ^.A^yiy J'^ K'^ ( 



2d'""'d'"^'rj^K'K''(z) + d^'^rrn^iz 



N{N^ + 1) 
(iV^-4)(iV^- 3) 
N{N^ + 1) 

abc TO. jb -nc/ 



-r^'rdj^K\z) 



(A^2_4)(iv2_3) 



d^bcdjaj^bj^cj^a^^ 



r^rrdK^z) - 



W^^rK^RHz) 



2rj^K''K%z) + rrx'K'iz] 



_ 12(^^-4) 

A^(A^2 + 1) ^ ' 



See also the relevant equations flRTTl) . flDlMjl . (IE23]) and (EM]). The f''''^dJ''J^K^{z) can 
be written as a linear combination of f°''"^J°-dJ^K'^{z) and d'^J°'K°'{z). For given independent 
terms C1-C22 in (I3.16p . one regards d"''"^^J^J^.PK'^{z) as f'^^^J'^dJ^K^{z) and other terms, 
d^bcdjajbj^cj^d^^^ as both d''^^d^'^''rJ^K^K'^{z) and rj^K''K\z) (and other terms), and 
d^bcdjaj^bj^c^d^^^ as f'^^^rK^dK^i^z) (and other terms). That is, 
d^bcdjajbjcj^d^^^ ~ r^''rdJ^K\z) + ---, 
d^bcdjajbj^cj^d^^^ ~ d'""'d^^^rj^K''K'^{z), rj^K''K\z) + ■ ■ • , 

r^^rX^dK^z) + ■ ■ ■ . (G.2) 



d'^bcdja^bj^c^d^^ 



with ki — 1, k2 = k into the relations (jF.Sp . look at the power of A: in the 



^^Here we substitute iV 

numerator and denominator of the coefficient functions and take k ^ 00 limit. By reading off the power of k 
and resubstituting k = ^-^N into the leading term, one gets the final results (jF.lOp . 
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This implies that one may further generahze the C3 term by introducing two independent 
terms with two arbitrary coefficients. The Ci term can be rewritten as the equation (I3.17P 
and C5 term can be expressed similarly by changing J" (2;) into K"'{z) from fl3.17p . We will use 
the explicit relations f lG.ip to find the exact relation between the spin-4 current ( I3.39P and the 
one from [5] where we do not see any quartic Casimir operator because in this case, the spin-4 
current is obtained from the operator product expansions of two Casimir operators of rank 3. 
Therefore, the relations f lG.ip are very important to identify these two spin-4 currents. 
Moreover, the other contractions of d symbol f l2.12p with various spin 4 fields lead to 



d'^ce^bdejajbjcjd^^ 
ffde^bcejajbjcjd^^ 

d^ce^bdejajbjcj^d^^ 

(fde^bcejajbjc-^d^^ 
d^de^bcejajbj^cj^d^^ 
d^ce^bdejaj^bj^cj^d^^ 

d'^dedbceja-^b^cj^d^^ 
d^de^bcej^aj^bj^cj^d^^ 



d'^be^cdejajbjcjd^^^ - (A^^ - 4) [drdr{z) - d^rr{z) 



d^be^cdejajbjcj^d^. + 



Ar2 _4 



^ -r''rdrK''{z 

N"^ — A 

<r^^<f'^^rj^j''K'^{z) + — ^r^" 



N 



rdj'K^z) - drj^KHz 



jace^bdejajb^c-^d^ 
mbeicde ja r^b j^c j^di 



d^^^d'^'^rj^'K^K^z) - {N^ - A)drdK''{z), 

-r'"'rdK''K^{z) 



d^''^d'''^rK''K'K''(z) + 



d^bedcdeja-^b-^cj^a^^ + 



N 
iV2 _4 



r^^irdK^K^^z) - rK'dK'iz)], 



N 



= d''^^d^^K''K^K^K'^{z) - {N^ - 4) [aK"9K"(2) 
= d^^^d'^^K^K^K^K^z) - 2{N^ - A)dK''dK''{z) 
+ {N^ -A)d^K''K\z). 



d^K'^K'^iz) 



(G.3) 



From the relations fl3.16p . (IG.ip and (lG.2p . there is no additional independent term. The 
contractions with delta symbol in the relation fl2.12p can be written as 





[z) 


= rrj^j\z) 


+ r^'rdj^r^z), 






jajbjbja 


[z) 


= rrj^j\z) 


+ r^'rdj^j^z) - 


r^'rj^dr{z), 




jajbja^b 


[z) 


= rrj^K\z 


) + r'^rd.fK^z), 








[z) 


= rrj^K\z 


) + r^^rdj^K%z) - 


- r^^drj^K^z), 






[z) 


= rj''K''K\z) - P^'rj^dK\z) 








[z) 


= rK''K^K\ 


z) + r'^'^rdK^K^iz 








[z) 


= .rK''K^K\ 


z) + r^^rdK^'K^z 


) - r^'rK^dK^z), 






[z) 


= K^K^K^K^ 


[z) + r^^K^'dK^K^ 








[z) 


= K^K'^K^K^ 


[z) + r^^K^dK^K^ 


z)- r^^K^K^dK^z). 


(G.4) 
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Note that one sees that the field J°'J^K"'K^{z) occurs in flG.4p . We do not see any further 
independent terms. Therefore, if we impose two independent terms in C3 term, then we should 
include the field J"" J^K"'K^{z) in the candidate for the spin 4 field f l3.16p . This can be also 
seen from the normal ordered field product {TT){z). 

In order to check the independent fields in T'^{z), one should write down the following 
normal ordered products 

{rK^){J^K^){z) = rK''J^K\z) + Nd'^rK^z) - ^d'^K^'K^z) + f'^^rdK^K^iz) 



- jrd^r{z) - r^^rdj^K^z), 

{rK''){K^K^){z) = rK''K^K\z) - (iV + k2)d^rK%z), 

{.rr){j^K^){z) = rrj^K\z) - {2n + ki)d^rK''{z) + 2r^'rdj^K%z), 

{K''K''){J^K%z) = J^K''K''K\z) - {2N + k2) J" d'^ K" {z) + 2r^^rK^dK''{z), 

{rK''){j^j^){z) = rK''j''j\z) - (iv + ki)rd''K\z). 

The spin 4 current can be written, by using the above relations (IG.Sp . as 



(G.5) 



T\z) 



^2 



+ 
+ 
+ 



A{N + kiy{N + ki + k2y 

A{N + k2y{N + k^ + k2f 



kik2 



2{N + ki){N + k2){N + ki + k2y 
1 



2{ki + N)d^rr{z) + rr,fj\z 

2{k2 + N)d'^K^K%z) + K^K^K^K^z) 
rrK^K\z) 



{N + ki + k2f 
^2 7-ao2 Ta, 



-^rd'r{z) - r^rdrK^z) 



rK^J^K^z) + Nd'^rK" - —d'^K''K''{z) + r^^rdK^K^{z) 



ki 



rK"K'K\z) -{N + k2)d'rK''{z 



2{N + k2){N + ki + k2y 
+ J^K''K''K\z) - {2N + k2)rd^K\z) + 2r^^rK^dK^{z) 
k2 



2{N + k^){N + k^ + k2] 



(G.6) 



rx^j^j^z) -{N + ki)rd^K\z) 
+ rrj^K\z) - {2N + ki)d^rK\z) + 2r^^rdj^K\z) 

Therefore, one can think of T'^{z) as an independent term J°'J^K°'K^{z) plus others: 

f\z) ~ rj^K''K\z) + ■■■. (G.7) 

The terms f°''"^J°'dJ^K'^{z) and f°'^'^J°'K^dK'^{z) can be understood as C2 term and C4 term re- 
spectively from the relations (lG.2p . Although we introduce the extra terms d"''^^(f'^^ multiplied 
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by the fields appearing in Cg-Cio, the extra terms d°''^'^d!"^^ multiplied by the fields appearing in 
Cg-Cio, the extra terms 5°'^5^''' multiplied by the fields appearing in Cn-Cis, and the extra terms 
^ad^hc multiplied by the fields appearing in Cn-Cis, there exists only one further independent 
term which is given by J'^ J^K'^K^{z). We will use the explicit form of flG.6p in order to extract 
the spin-4 field next Appendix / later and the large N limit for (1G.6|) can be obtained. 

Or one can add T^(2;)(or 'R{z) = T^(^) — ^(9^T(z)) to the W{z) fl3.16p in order to see any 
further generalized spin 4 field. We can use the operator product expansion 



T{z)K{w) 



w 



22 



+ c 



T{w) + 



w] 



-AK{w) 



w] 



-dK{w) + --- (G.8) 



and J'"'{z)h.{w) = regular and the central charge c is given by the equation (13.91) . This 
particular combination eliminates the singular terms with and ^^J^^a that appear in 

(1C.8I) . The fields T'^{z) and A(z) are quasiprimary [10] because there are higher order singular 



terms ( 1G.8I) and ( 1C.8I) where T{z) and c are replaced with T{z) and c respectively. In the 
subsection 13.41 we include the field J"'J^K"'K^{z) rather than T'^{z). Contrary to the spin-3 
case, one should, in general, take into account of the normal ordered field product of stress 
energy tensor for higher spin greater than 3. 



Appendix H The coefficient functions in the subsection 



3.4 



The operator product expansion between the diagonal spin 1 current J'"'{z) (13.41) and the spin 
4 field J^J''K^K''{w) is given by 



,z - w 



-N) [kidK^ + k2dr] + 



z — w] 



rK^K^ 

N 



J'%z)J^rK''K'{w) 

-{N - ki)r^'J^dK'' + {N - k2)r'''dJ''K' - ^J^J^'K" + - 2k2)rj''K'' 
+ •••. ■ (H.l) 



By realizing the independent field contents described in (lF.2p . one can arrange each field 
in the ^^^^^2 term in the relation flH.ip and combine them with the linear equations (IF.ip . 
(1F.3P and (IF.Sp . The operator product expansion between the stress energy tensor (lE.ip and 
J^rK^KHz) is 



T{z)j''rK'K^{w) 



TT \k2rr + k^K'^K'^] + -Nd{,rK'') + ■ ■ ■ , (H.2) 

[Z — wY (-2 — W)-^ 
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where the 



term and 



(z—w)'- 

flR5|) and (IFIG]) . 

As in the subsection 



(z—w) 



term are ignored. One should include this equation into 



let us introduce the coefficient C23 in front of the extra field 
[z). Among 18 equations fIF.ip . the ffist four and the last four equations are 
unchanged and the rest should be modified because of the extra terms in terms of the 



(z—w)^ 



operator product expansion flH.ll) . The ffist two equations of fIF.SP have to be modified due 
term in the operator product expansion flH.ip . The ffist and fourth equations in 

in the operator product expansion (lH.2p . Finally, 



to the 



(z—w)'^ 



{z—w)'- 



(z-wY 



terms in the operator 



-6kl 



6klk2 



nklN - hkikiN 



(IF.Sp should be changed due to the 

the ffist and third equations in (IF.6P have to be changed from the 
product expansion (]H.2p . Then the coefficients Cj should be modified as (cj + 6i), when we add 
the extra field J°'J^K"'K^{z), where the coefficients bi depend on C23 (there is no constraint 
on C23) and they are given by 

- 1)N\N'' + 1)^ 

^ ~ 3(iV2 - 4)(iV + 2A;i)(A^2 _ 3)D{ki, k^, N) 

- UkiN"^ + 2kfN'^ + 2k2N^ + 2klk2N^ + Yk^N^ + 3kik2N^ + QkiN^ 
N{N^ + 1) 

3 - 4:im-4:)D{kl,k2,N) 

8klN + 2klklN + A^kiN^ - SkfN^ + 2Ak2N^ - 9klk2N^ - k^k^N^ + 16A^^ 
26A;^A^^ - 20A;iA;2iV^ + 2klk2N^ + 2A;^A^^ + 2klklN^ - 2AkiN^ - Ak2N^ + Ik^N^ 
3kiklN^ - 6N^ + 6kik2N^] C23, 

-18A;^A;2 + 18k% - ISk^kj + ISk^kj 



C23, 



12A;^ + 24A;^A;2 + Uk^k^ + AAklN + 52kik2N + 2klk2N 



+ 



+ 



6{m - A){2N + 3k2)iN^ - 3)D{ki, ^2, N) 
12k^N - Q0kik2N + Ybk^N - UkjN + Uk^k^N - Ibk^k^N - 32kiN^ + A2klN^ 

32k2N'^ + Mklk2N^ - Qk%N^ - AOkiklN"^ - GklklN"^ - lOk^N^ - 16A^^ + 52A;^A^^ 

16A;iA;2A^^ - 21A;3A;2A^^ - 32klN^ - AkfkjN^ + dkik^N^ + 2QkiN^ - 18k2N^ 



- 18klk2N^ + lOkikjN^ - 12klN 



C23) 



ki{ki - k2)N\3N + 2A;i + 2A;2)(A^2 + 



-3klk2 



3 Aj]^ A^2 



8(iV2 _ 4)(2Ar + 3k2){N + k2){N^ - 3)D{ki, k2, N) 
2klN - 8kik2N - 2klN - Ak^N'^ - Ak2N'^ + A;^A;2A^^ + k^klN'^ - 2N^ + 2kik2N^ 
{kl-l)k2N\N^ + l) 



+ 



b7 



2{N^-A){N + 2ki)D{k^,k2,N) 
kik2N^ + 2k^N^] C23, 

(A;| - 1)N^{N^ + 1) 
~ -A){N + 2ki){N^ -3) 



kf + kik2 + 2A;iA^ + 2A;2iV + 2N^ + kfN' 



kl + I3kik2 + 12A;iiV + lAk2N + 12A^2 + 2klN'^ 
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C23, 



N{N'^ + 1) 



27.3 



2(A^2 _ 4)(iV + 2A;i)(iV + 2k2)D{ku k2, N) 
+ 3Q0klk2N + AOSklklN + SAkik^N + UAkfN^ + 592klk2N^ - AAk%N^ + 80A;^iV3 

+ 328kiklN^ - SSklkjN^ + 2AklN^ - AAk^k^N^ + 212kfN'' - Ak^N^ + 388kik2N^ 

- 18Aklk2N^ - 219klklN^ - Sdkik^N^ + ISekiN"^ - 16A;?iV^ + 88/^2^^^ - 251klk2N^ 
+ Ak%N^ - mk^klN^ + 8klklN^ - IQklN^ + AklklN^ + Z2N^ - 26klN^ 

- l28kik2N^ + 16klk2N^ - 26klN^ + 17kjklN^ + kik^N^ - 20kiN^ - 22k2N^ 

+ 19klk2N^ + 5kiklN^' - QN^ + 6A;iA;2A^^] C23, 

N^{N^ + 1) 



33k'ik2 + 18kjk2 - 3kik'^ + 18kfkl 



-A){N + 2k2){2N + 3A:2)(A^2 _ 3)D(A;i, /c2, A^) 
hlklkl - Ihkikl + ?,QklN + mk{N + A6kik2N + 99klk2N - 2klN - 5AkfklN 
lOk^N + AAkiN^ + UGk^N^ + lQk2N^ + YQk^N^ + lQk%N^ 



212kiklN^ 



+ IGkfk^N 



YAklN"^ 



2klklN'' - l^kik^N' + 16iV^ + 116A;i^A^^ - Ak\N'-' - 82kik2N''' 



+ 52kfk2N^ - llAkjN^ + AAkfkjN^ - mkik^N^ - lOk^N^ + lOkiN^ - lAkfN^ - QQk2N^ 
+ mklk2N'^ - 2k%N^ + 2bkiklN^ - 2kfklN^ - SOk^N"^ + Bklk^N"^ + 5kik^N^ 
- 16N^ - lOkfN^ + A0kik2N^ - 7klk2N^ - 2AklN^ + 2klklN^ + Ibk^klN^ 
+ 2k^N^ - 6k2N^ - 6klk2N^ + lOkiklN^ - 145A;iA;^iV] C23, 

kiN\N^ + 1) 



18ktk^ - 18kik^ 



4(Ar2 - A){N + 2k2){N + k2){2N + 3A;2)(iV' - 3)D(A:i, A:2, N) 

+ \8kikl - 5Akjk2N - l8k\k2N - mk^klN - 18kfklN - Uk^N + 72kjklN 

+ SAkik^N + Uk^N - 36klN^ - 3QkfN^ - 108kik2N'^ - 99klk2N^ - 3QklN'^ + 48A;^A;^A^^ 

+ 195kiklN^ + A8k^N^ + Uk^k^N^ + Ukik^N^ - GOkiN^ - UGkfN^ - A8k2N^ 

- 90klk2N^ - 16k%N^ + 178kiklN^ - IGkfklN^ + 9AklN^ + UkjklN^ + GOk^k^N^ 
+ 12k^N^ - 2AN^ - UOklN"^ + Ak^N"^ + 3Q>k^k2N^ - 52klk2N^ + 8AklN^ - 3AklklN^ 
+ 7QkrklN^ + 48A;^A^^ - Q>klk\N^ - Gkik^N"^ - 22kiN^ + UkfN^ + 3Ak2N^ 

- 62klk2N^ + 2k%N^ + 6kiklN^ + 2kfklN^ + 62klN^ - Uk^k^N^ - 2Akik^N^ 

+ 8N^ + Uk^N^ - 2Akik2N^ + 7kfk2N^ + 32A;^iV^ - Ak^k^N^ - 3\kxk\N^' + 2kxN'^ 

+ efcsiV^ + 6klk2N^ - lAkikjN^ + 18A;^A;^1 C23, 



lAkiklN^ + ISk^k^ 
{kl - l)k2N{N^ + 1){3N + 2ki + 2A;2) 



2D{k,,k2,N) 



-C23, 
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>V1 



bl6 

bn 

bi8 
bi9 

b20 



&21 
^22 



2{kl - 1)N^{N^ + 1) 



C23) 



(A^ + 2A;i)(A^2_3)2)(A;,,A;2,A^) 
+ 9N^ + 2klN^ + kiN^ - 2k2N'^ - 
1 

D{ki,k2,N) 
+ 2klN^ - 3Ak2N^ + Ak^N^ 

+ 3kik2N^ - QklN'^ + bk^N^ - Qk2N^ + kiklN^ 



2kl + Sfcifca + 9A;iA^ + lOfcsA^ 



-ISkl - 36klk2 - ISkikl - GSkjN - 75kik2N - Uk^N - QlkiN^ 



kiklN'^ - 22N^ + IklN^ 



C23) 



2Ar2(Ar2 + 1) 



Qlii + ISkl - 3kik2 + 18k'tk2 - 2Aklkl - Ihkik 



i2N + 3k2)iN^ - 3)D{k^,k2, N) 
+ 7kiN + 63klN - 2k2N + Uk^N - rOkik^N - 10A;^A^ + 2N^ + GAklN^ 

- 2k{N^ - 39kik2N^ - 2klk2N'^ - 36klN^ + SklkjN^ + 5kiklN^ + 13kiN^ 



7kfN'^ - 28k2N''' + Ak{k2N''' + l^ki^^'^ - 6A^* - QkiN" + l2kik2N 



2 A73 



.2 A74 



C23! 



-9kik2 + 9kikl - 9kiN - 9klN 



C23; 



iVA;i(3A^ + 2ki + 2k2){N^ + 1) 
"2(iV + A;2)(2iV + 3k2){m - 3)D{ki, k2, N) 
6k2N + ISkikjN + Qk^N - QN^ - ISk^N^ + 15kik2N^ + UkjN^ - 3kiklN^ 

3kiN^ + k^N^ + 8k2N^ - Gkik^N^ + 2N^ + 2klN^ - Akik2N^^ 
0, 

6{N + 2ki)D{ki,k2,N) L 1 1 ' 1 
12kiN^ + 2klN^ + 2k2N^ + 2klk2N'^ + 7fc?iV^ + 3kik2N^ + QhN^ 



C23, 



0, 
0, 



, ..N 18A;? + 36A;^A;2 + 18/^1 fc| + 66A;fA^ + 78/ciA;2A^+12A;|iV-3A;^A;|iV 
2D{ki,k2,N) L 

- 3kiklN + 72kiN^ - 20klN^ + 36k2N^ - iOk^N^ - 22kiklN^ - 2k^N^ 

+ 2AN'' - GSk^N^ - 7Qkik2N^ - Sk^N^ - 2klklN^ - 2kiklN^ - 68A;iiV^ 

+ 2klN^ - 26k2N^ + Ak^N'^ - Gkik^N^ - 2klN^ - 20A^^ + QklN^ + 2kik2N^ 



- %klN^ + kmN"" + ki^N" + 4A:iiV'' - 6A;2iV'' + 2A;iA;^A^ 



.2l2 



u3 Ar5 



2 A76 



C23! 



0, 



(A;i - l)N'^{2N + fci + A;2)(A^^ + l)(-3A;i -2N + k^N'^) 



-C23- 



6D(A;i,A;2,A^) 

Since the second and third equations in (IF.SP and the equation (1F.7P remain unchanged, one 
sees that the coefficients ^ig, &i8, f'lg and 621 should vanish. The D{ki, k2, N) is defined as 



(H.3) 
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(IF.Op . Furthermore, the large N hmit f l3.19p on these coefficients leads to 



(-1 + A)(1 + A) 

2A(2 + A) 
5(-l + A)(l + A) 
12(-3 + A)(2 + A) 

(-1 + A)^(1 + A) 

4A2(2 + A) 
(1 + A)(1 + 2A) 



C23i 



C23; 



C23, 



C23, 



C23, 



3(1 + A) 

8(2 + A) 
(-1 + A)(1 + A) 
16A^(-3 + A) 
(-1 + A)(1 + A) 



C23, 



^10 



n2 



^14 



^17 



^22 



4(-2 + A)(2 + A)_ 
(-1 + A)(1 + A)(6 + A^) 
8A^(-3 + A)(-2 + A)(2 + A) 

(-1 + A) 



C23; 



2A(2 + A) 

5(-l + A)(l + A) 
2(-3 + A)(-2 + A)(2 + A) 



C23, 



4A2 



C23 5 



A 



C23, bi3 
2 



A) 



(-5-8A + A^) 
A^(-3 + A)(2 + A) 
A^^(-1 + A)(l + A) 

4A(2 + A) 
A^2(_i + A)(l + A) 



C23) 



2A^(2 + A) 
bi5 = - 



C23, 



(3 + A2 



C23) 



C23; 



C23- 



-'20 



Ar^(-1 + A)(l + A) 
4A(2 + A) 



C23) 



(H.4) 



and 1^ dependence in 615 and A^^ dependence 



12A(2 + A) 

There are the dependence in 65, 610, 613, bu cx,±iu 
in 617,620,^22- Then, the more general spin 4 field, in the large limit, can be written as 
fl3.40p . The extra terms proportional to C23 in f l3.40p appear also in f l3.20p . The contributions 
from J''J''J^J^{z), J''J''J^K\z) and J''J^K''K\z) in the large N limit become zero. 

Appendix I The coset spin 4 primary field from the op- 
erator product expansion between the third- 
order Casimirs 



The primary field of dimension 4 under the stress energy tensor (13.6p and (13. 7p has been con- 
structed in [5] from the operator product expansion between the primary fields of dimension 
3. That is, the coset spin 3 primary field is given by 



r(3)(, 



Bd 



ubc 



Airrr{z) + A2rrK\z) + A^rK'K^z) + a^k^k^k^z 



(i.i) 



where the coefficient functions that depend on /ci, /c2 or are determined by [5] 



B^ 



N 



18(iV + kif{N + k2f{N + ki + k2f{N + 2A;i)(A^ + 2k2){'iN + 2ki + 2k2){N^ - 4) ' 
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= A;2(iV + A;2)(A^ + 2A;2), 

A2 = -3{N + ki){N + k2){N + 2k2), 

A; = 3{N + k^)iN + k2)iN + 2k,), 

A4 = -ki{N + ki){N + 2ki). 



(1.2) 



By focusing on the term in the operator product expansion between T^^\z) and 

T^^\w) which can be constructed from the relation OI.ip . one obtains 
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3 .2. 



22 + 5c^(-)+10^^(-) 



+di2rj''J^K\w) + di^rrK^K\w) + durK''K^K\w) + diQd^rr{w) 

+dnd^rK\w) + di^d^K^K^w) + d2odrdK%w) + d22rd^K%w) 
+d2zrj^K''K\w) + d24.r^'rdJ^K%w) + d25r'''rK''dK%w). 



(1.3) 



Then a new spin-4 field R^'^\w) can be read off from 01. 3p . While there are new terms 
characterized by ^23, (^24 and ^25, but there are missing terms corresponding to Ci, C5, C7, Cg, Cn, 
and C15. Of course, it is not so simple to see the first three terms on the right hand side of 
Hl.Sh Here the coefficient functions on the right hand side of (]I.3P depend on ki, /c2 or and 
they are determined by, together with the relation fll.2p . 



d2 

ds 

di 

da 
d8 

dio 
di2 



-4AiA2{N + ki] 



'^A2As{N + 2k2) + '^AlN 



12{N + kiYiN + k2f{N + ki + k2){N + 2k2fB^, 



-Al{N + 2k{) - Al{N + 2k2] 



B' 



-18(iV + k^)\N + 2k^){N + k2f{N + fci + k2){N + 2^:2)52, 



|A2A3(iV + 2A:i) - AA:,A,{N + k2) + ^A^iV 



B' 



12{N + k{)\N + 2kif{N + k2f{N + ki + k2)B\ 

-QAl{N + A:i) - A^A;^] B^ = -Qk2{N + A;i)(iV + k2f{N + k^ + k2){N + 2k2fB^' 
-6AiA3(A^ + fci) + 4A2A3A^ - QA2Ai{N + A;2) + 2Alki + 2A^A;2] 5^ 
-36A^(A^ + kif{N + A;2)'(iV + A:i + A;2)'s2, 



-9A2(iV + A;2)-A2A:i 

48(A^^ -4)(iV + fei) 
]V(iV2TT) 



B^ 



A1A2 - 



-9ki{N + hf{N + 2k^f{N + A:2)(Ar + fci + A^s)^^ 



8(7V2 _4)(^^2A;2) 

iv(iV2TT) 



^2^3 + 



\{N^ - 4) 
A^2 + 1 



Al 



B' 



54 



144 



{N' -A){N + hy{N + k2Y{N + h + k2){N + 2k2YB\ 



d 



13 



A{N^-A){N + 2k,) ^2 A{N^-A){N + 2k2) ,2 



N{N^ + 1) 



-4^ - 



5^ 



72 



d 



14 



8(iV + 2A;i)(A^2 _4) 



(Ar2 - 4)(iV + A;i)2(iV + 2A;i)(A^ + k2y{N + ki + k2){N + 2^2)52 



7V(iV2 + 1) 



7V2 + 1 



144 



Ar(iV2 + 1) 



(A^2 - 4)(Ar + A;,)2(Ar + 2A;i)2(7V + k2f{N + k^ + k2)B\ 



d 



16 



^Al{N + k^)(N + 2k^)(N' _ 4) + ^(iV2 - 4) (TV + 2A;i)A; 



+ 



1 

TV 
1 



(iV2-4)fc2(iV + 2A;2)A: 



B' 



N 



9k2{N^ - 4)(iV + A:i)(A^ + 2ki){N + k2f{N + fci + A;2)(A^ + 2k2){2>N + 2ki + 2k2)B\ 



d 



17 



+ 



4(A^ + 2A;2)(A^^ -4)(iV2 + 3) 



3(7V2 + 1) 



A2A3 + ^(iV + 2A;i)(iV + 2k2){N^ - 4)^2^3 



+ —{N + A;2)(A^ + 2A;2)(iV' - A)A^A^ + (-2(Ar + 2k^){N^ - 4) 



AT 

47V(Ar2 _4)(Ar2 + 3) 
3(7V2 + 1) 



)A^-2A^(Ar + 2A;2)(Ar2-4) 



52 



1 



3(A^^ - 4)(A^ + kif{N + k2f{N + A;i + A;2)(A^ + 2^:2) \l2kl + 12fciA;2 + 36A;iiV 

B\ 



N{N^ + 1) 

+ 54A;2A^ + S9N^ + l2kik2N^ + 36A:iA^=^ + 22A;2A^^ + 2^N^ 



d 



18 



^(iV + A;2)(iV + 2^:2) (Ar2 - A)Al + ^(A^' - 4)/ci(Ar + 2A;i)A 
2^i/A7-2 Ar I o;. ^ /i2 ^2 



+ ^(iV^-4)(iV + 2/c2)A3 

= |rA;i(7V2 _ 4)(Ar + A;i)2(iV + 2A:i)(A^ + k2){N + k^ + k2){N + 2A;2)(37V + 2ki + 2A;2)S2, 



iV 



d 



20 



(iV + 2A;i)(A^2_4)(^2^ (jy + 2A;2)(Ar2 - 4)(Ar2 - 3) 

^2 Art , 1 ^3 



A^2 + l 



iV2 + 1 



B' 



(iV2 + 1) 



(7V2 - 4)(7V + k^f{N + 2A;i)(7V + /c2)(iv + /ci + A;2)(Ar + 2A;2)(TV' - 3)^2^ 



22 



55 



JM iV^ + 1 

N iV^ + 1 



+ 



23 



24 



25 



1 



-3(iV2 - 4)(A^ + A;i)2(A^ + 2A;i)(iV + k^fiN + A;i + A;2) \2k^k2 + 12^ 



8(A^2_4)(;V + 2A;i) 2 8(A^2 _ 4)^^ ^ 2^2) 



144 



(iV^ _ 4)(Ar + fci)2(Ar + 2A;i)(A^ + k^f(N + fci + fc2)(Ar + 2^2)^2, 

2(iV + 2A;2)(iV2 _4)(^2 



12(iV + A;i)(A^2_4)^^2^5) 



+ (|^(iV + 2A:,)(iV^ - 4) + 2(iV^ J^^^' + ^V ^ + - 4)(iV + 2^:2)^ 



2 



2^3 



+ 1 

72(iV2 - 4)(A^ + A;i)2(A^ + k^'^B'^, 

12(A^ + A;2)(iV2_4)(^^2^5^ 



5^ 



iV(iV2 ^ 1) 

2(A^ + 2A;i)(A^2 _4)(^2 



^2^3 + 



3^4 



+ (_(Ar + 2A;2)(iV2-4) + ^ ^^^^^ ^)^^ + ^ ^ 



16(iV^-4) ,2 

iV2 + l ^3 



B' 



72 



iV(Ar2 + 1) 



(Ar2 - 4)(Ar + A:i)2(Ar + 2A;i)(A^ + k<,f[N + fci + A;2) [-3fci + ^2 - 



B' 



where B{ki, k2, N) is given by 01. 2p . The large N hmit f l3.19p can be obtained as before 
2(-2 + A)A , , 2A2 



d2 
da 

die 



3A^3(2 + A)' 
(-2 + A)(-l + A) 

2A^3(2 + A) 
8(-2 + A)A 

m{2 + A) ' ' 

-1 + A 



d^ 



N%2 + X)' 
dfi = 



dd 



2X' 



3m{-2 + X){2 + X) 



iV3(_2 + A)(2 + A)' 
4A2 . 8A3 



A^ 



10 



2A^4(_2 + A)(2 + A)' 



2A^ ' 



I'll 



~ N\2 + X)' 
A(22 + A) 
" 6iV(2 + A)' 



d 



14 



Ar4(_2 + A)(2 + A)' 



d 



18 



A2 
'2Ar2^ 



56 



d20 
d24 



iV(2 + A)' 
4A 



^22 



i25 



A(-12- 12A + A^) 
6A^(-2 + A)(2 + A)' 
4A2 

A^2(_2 + A)(2 + A)' 



8A2 



23 



m{2 + X)- 



(1.5) 



Note that there are the dependence in dio, di2, di^, d^, ^23 and dependence in diQ, du, d2o, ^22 
and dependence in rfis, (^241 '^25- The A(ti;) is defined in previous Appendix G when we 
discuss the operator product expansion (IG.Sp . The field J"'J^K"'K^{w) appears on the right 
hand side of fll.3l) and also on the left side of p.3p through A together with the relation fIG.Tp . 

We would like to see the explicit form for the R^^\z). Let us present the relevant f^^^y 
terms in the operator product expansions in details and explain how we get ( 11.31) : 



Q{z)Q{w) 

Qiz)Q''K''{w) 
Q{z)rR''{w) 

Q''K%z)Qiw) 

Q''K%z)Q'K\w) 



z — w)^ 



z — w)^ 



Q''K''{z)rR\w)\ 



+ 
+ 



+ 

+ 



-3(A^ + ki){2d''^'rQ^K' - ^{N + 2ki){N'^ - A)d'^rK''), 
-?>{N + k{)Q''R\ 

-?,{N + ki){2d''^'rQ^K' - ^{N + 2k^){N^ - A)rd^K^), 



'abed 



= d 

+ 



N.PJ'rK'' -{N + 2ki),PJ^K^K'^ 



-A;2 JWV + 2fci JV^K^iT'^ 



A2 + 1 

2k2 

N 



N{N^ + 1) 
{N^ -A){N + 2ki)d'^rj'' 



-2{N + 2ki){N^ - A) 



3(A2 + 1) 



Q2ja-^a 



+ —{N'^-4:)ki{N + 2ki)d'^K''K'' 
[N + 2k,){N^-A){N^-?,)^^^ 



m + 1 

2{N + 2ki){N^ - 4),rd^K'' 
%{N^-A){N + 2k,)_j^j,^^^, 



(2 — 



A(A2 + 1) 

2(A^^-4)(Ar + 2fcO .abcjaj^bgj^c 

-(A + 2A;2)d"^V"g^K^ + 2Ag''i?" 
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Q''K''{z)R{w] 
rR\z)Q{w] 
rR''{z)Q^K\w) 
rR\z)rR''{w] 
rR\z)R{w) 
R{z)Q^K%w] 
R{z)rR''{w] 
R{z)R{w] 



z — w)^ 



- {N + 2ki)(r^^rK^R'' 

+ ^{N + 2ki){N + 2k2){N^ -A)d'^rK'', 
= -3{N + k2)Q''R% 

Q''K\z)R{w)\^^ 

J J'=^K':,kl-^k2 

Q^K^(z)J^R^(w)\ 1 



z — w)^ 



Q''K\z)Q'K\w)\^^ 

{z — w)-^ 



Q''K\z)Q{w)\^ 
Q{z)rR''{w) 



z — w)^ 



z — w)^ 



Q{z)Q''K\w) 



J'=<-i>/f'=,fcl<-i>fc2 

^ ' 

1 , 



(2— itf)'^ 



J'=^A''=,fclO-fc2 



(1.6) 



where = d°'^'^K"'K^K'^{w) corresponding to fl2.6p . The right hand side of the first 

equation of 01.61) corresponds to the spin 4 field i?4(w) in (3.2) of [1] up to an overall constant. 
Here the last seven operator product expansions fll.6p can be obtained from the first seven 
operator product expansions using the properties o K"^ and ki ^ k2. 

At first sight, the spin 4 field (II. 3p looks different from fl3.16p . but the independent field 
contents are the same except the one field J°-J^K°'K^{z). Let us look at the structures in 
details. First of all, one has the following identities 

NiN^ + 1) r ......... 1 



(Ar2 _4)(Ar2 _3) 



3 



+ 



N{N^ + 1) 



(Ar^-4)(iV^-3),, 



3(iV2 + 1) 



(Ar2 _4)(Ar2 _3) 



d^be^cdeja-^b-^cj^d^^^ _ _ d^bcd ja ^b j^d 

3 



drdriw) 



N{N^ + 1) 

{N^ + 1) 
3(A^2 _4)(^2 _3) 



3(iV2 + 1) 

^abcdjajbjcjd^^^ + w^''(F'^^rj^rj\w) 



dK^dK^iw) 



N{N'^ + 1) 

(iV^ + 1) 
3(A^2 _4)(]V2 -3) 



(iV2 + 1) 
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- . - ^1^; - ^^ ^A-°/^>0] . (1.7) 

The first and second relations of ( 11. 7p can be obtained from the first and third relations of 
(IG.ip . respectively. These two fields appear in (11. 6p . We want to reexpress (11. 3P in terms 
of the fields in (13.161) . Then, the (^24 term in fll.Sp can be absorbed into d2,di2,dn and a 
new term d"'^^d'^'^'^J°'J^J'^K'''{w) corresponding to C7 term in f l3.16p . Similarly, the ^25 term in 
(II.SP can be absorbed into ^4, (ii4, ^22 and a new term d°'^'^d'^'^'^J"'K^K'^K'^{w) corresponding 
to Cg term in (13.161) . The third and fourth relations of fll.7l) can be obtained from the relation 
(I3.17p . The reason why we use these equations comes from the discussion in the subsection 
13.21 where we keep Cig = = C21. Since the left hand side of (11.31) contains X{w) and d'^T{w), 
one sees dJ°'dJ"'{w) term and dK"'dK°'{w) term in the field R^'^^{w). So we have to use the 
third and fourth equations of (II. 7p and reexpress them in terms of other independent fields. 
Moreover, note that there are the following identities 

3 N[N^ + 1) 

(iV^-4)(iV^ + 5) _ 2(iV^-4)(iV^ + 3) 



A^(A^2_^1) ^ ' 3(A^2^1) 



Using the first equation of (11. Sp . for example, one simplifies the ^^J^^g term in the operator 
product expansion Q[z)Q"'K°-{w) in (II. 6p . See also the relation ( IE.24p . Similarly, by the 
second equation of ( II. Sp . one can simplify the ^^_'^^2 term in the operator product expansion 
Q"- X"" (z) (w) in ( II. 6p . Of course, the above relations (II. Sp can be further simplified 
using the equations (II. 7p . By plugging the expressions (II. 7p and (II. SP into (II. 6p . one has the 
independent terms as in the relation (I3.16P as well as the term J*^ K"" [z) . 

All the coefficients turn out to be (II. 4p . It turns out that the coset spin 4 field B!''^\w) is 
given by the previous one W^'^^w) (I3.39P by realizing that the undetermined two coefficients 
ci and C23 become 



Cl 



C23 



k2{N^ + 1) 



-3A;^A;2 - 2klN - 8kik2N 



2{N^ - 4)(iV2 -3)(N + ki){N + ki + k2)d{ku k2, N) 
2klN - AkiN'^ - Ak2N^ + klk2N'^ + kiklN^ - 2N^ + 2kik2N^ - Skikj] , 

{N + k, + k2){3N + 2k, + 2k2){N^ + l)d{k,, ^2, N) I"^^'^' " ~ ^^^'^ 
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- 28kik2N - UklN - 2AkiN'^ - 2Ak2N^ + Sk^N^ + Sk^k^N^ - lOA^^ + Sk^N^ 

+ 18kik2N^ + SkjN^ + 20kiN^ + 20k2N^ + 12N^] , (1.9) 

where the function d{ki, ^2, A^) is introduced as follows: 

d{ki,k2,N) = 17klk2 + 17 kikl + 22klN + 56kik2N + 22klN + 44:kiN^ + Uk2N^ 

+ 5klk2N^ + 5kiklN^ + 22N^ + 10kik2N\ (I.IO) 

That is, the spin 4 field R^^\w) is nothing but the field W^*\w), 

R^*\w) = W^*\w), with (TTqI) and (1710]) . (I.ll) 



The Ci term comes from the d'^T{w) in (]I.3p together with (II. 7p . The C23 term comes from 
T'^{w) term and J°'J^K"'K^{w) term characterized by ^23 in fll.Sp . One can easily obtain the 
large N 't Hooft limit (I3.19P for these coefficients and they are given by 

_i _l_ \ S9A^ 



where one uses the relations (11. 5p . It is easy to check that the operator product expansion 
between J'"'[z) and R^^\w) does not have any singular terms. That is, J'°'[z)R^'^\w) = 0. 
This implies that the operator product expansion between J"^{z) and the right hand side of 
p.3p gives no singular terms (the operator product expansion J'"-{z)T{w) vanishes). Similarly, 
one can check that the operator product expansion between T{z) and R^'^\w) does not have 
any higher order singular terms n > 2 by using the fact that T' (z) R^'^^w) = 0. 

The large behavior for the zero mode of (z) is described at the end of the subsection 
13.41 and due to the fact that this spin-4 field is the field W^'^\z), one has also the relation 

dm. 
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